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Abstract. We collect and systematize general definitions and facts on the application 

of quantum groups to the construction of functional relations in the theory of integrable 

systems. As an example, we reconsider the case of the quantum group Uq{jC{sl2)) 

related to the six-vertex model. We prove the full set of the functional relations in the 

. . . form independent of the representation of the quantum group in the quantum space 

' and specialize them to the case of the six-vertex model. 
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1. Introduction 

The famous Onsager's solution [56] of the square lattice Ising model was the first 
essential result in the field of two-dimensional quantum integrable statistical lattice 
models. The next step was made by Lieb [52-55] who used the Bethe ansatz [18] to 
solve different partial cases of the six-vertex model. His results were generalized to 
the general case of the six-vertex model by Sutherland [60]. Later, Baxter proposed 
the method of functional relations [3-8, 10] to solve statistical models which cannot 
be treated with the help of the Bethe ansatz. The method works for the cases where 
the Bethe ansatz can be applied as well. It appears that its main ingredients, transfer 
matrices and Q-operators, are essential not only for the integration of the correspond- 
ing quantum statistical models in the sense of calculating the partition function in the 
thermodynamic limit. One of the remarkable recent applications is their usage in the 
construction of the fermionic basis [21, 25, 26, 42] for the observables of the XXZ spin 
chain closely related to the six-vertex model. 

It seems that the most productive, although not comprehensive, modern approach 
to the theory of quantum integrable systems is the approach based on the concept of 
quantum group invented by Drinfeld and Jimbo [34,39]. In this approach, all the ob- 
jects describing the model and related to its integrability originate from the universal 
R-matrix, and the functional relations are consequences of the properties of the ap- 
propriate representations of the quantum group. It was clearly realized by Bazhanov, 
Lukyanov and Zamolodchikov [14-16]. The present paper can be considered as an 
introduction to the application of the theory of quantum groups to formulation of in- 
tegrable systems and derivation of the corresponding functional relations. We were 
prompted to write it by the absence of a detailed and exhaustive consideration of the 
method in the literature. One more reason was a desire to fix the terminology and 
notations for our future research. 

In section 2, we discuss the original approach to formulation and investigation of 
quantum square lattice vertex models. We introduce basic objects, and for the case 
of the six- vertex model reproduce the Baxter's reasonings for the appearance of the 
functional relations. In section 3, all the objects describing an integrable lattice vertex 
model and used to integrate it are constructed starting from a quantum group. Two 
representations of the quantum group should be fixed to describe a model. Here, par- 
ticularly by historical reasons, the corresponding representation spaces are called the 
auxiliary space and the quantum space. In most cases there is an associated quantum 
mechanical model defined in the quantum space or its tensor power. In fact, a lat- 
tice model arises when we take finite-dimensional representations, and the associated 
quantum mechanical model here is some spin chain. The basic example here is the 
six- vertex model and XXZ spin chain, see, for example, the book by Baxter [8]. If the 
quantum space is the representation space of certain infinite-dimensional vertex rep- 
resentation of the quantum group, we have a two-dimensional field theory [11,14-16]. 
In section 4 we consider the case of the quantum group Uq{jC{si2)). The full set of 
functional relation in the universal form independent of the choice of representation 
of the quantum group in the quantum space is derived in section 5. 

We assume that the reader is acquainted with the basic facts on quantum groups. 
Beside the original papers [34, 39], we recommend for this purpose the book by Chari 
and Pressley [29]. 

Below, a vector space is a vector space over the field C of complex numbers, and an 
algebra is a complex associative unital algebra. In fact, all general definitions, given 
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in section 3, can easily be extended to the case of algebras and vector spaces over a 
general field or even a general commutative unital ring. 

The symbol '(g)' is used for the tensor product of vector spaces, for the tensor product 
of homomorphisms and for the Kronecker product of matrices. Depending on the 
context, the symbol 'V means the number one, the unit of an algebra or the unit matrix. 
We denote by jC{q) the loop Lie algebra of a finite-dimensional simple Lie algebra g, 
by jC{g) its standard central extension, and by jC{g) the Lie algebra obtained from jC{q) 
by adjoining the standard derivation, see, for example, the book by Kac [43]. 

2. Square lattice vertex models 

2.1. Vertex models and transfer matrix. Here we recall the basic facts on integrable 
two-dimensional square lattice vertex models and show how functional relations arise 
in the case of the six-vertex model. 

First of all, the models in question are quantum statistical models whose properties 
in the state of thermodynamic equilibrium are described by the partition function. La- 
bel by C the possible eigenstates of the Hamiltonian^ of the system under consideration 
and denote by Eq the corresponding energy. The partition function is^ 

Z = Eexp(-/3£:c), 
c 

where /3 = l/k^T with kg the Boltzmann constant and T the temperature. The quan- 
tity exp(— /3^(j) is called the Boltzmann weight of the configuration C. 

Consider now a two-dimensional square lattice, see Figure 1, and assume that some 



Figure 1. Two-dimensional square lattice. 

particles are located at its vertices. Any horizontal bond of the lattice can be in one 
of i states, and a vertical bond in one of k states. This defines a configuration of the 
system. Usually one also imposes boundary conditions. The simplest case here is the 
periodic boundary condition, where for each horizontal and vertical row the state of 
the first bond coincides with the state of the last bond. 



For lattice models we usually call an eigenstate of the Hamiltonian a configuration of the system. 
We restrict ourselves to consideration of the canonical ensemble, see, for example, the book [38]. 
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The energy of a configuration is the sum of the energies associated with the vertices. 
The energy Scy associated with a vertex V depends on the vertex itself and on the 
configuration C. Therefore, we have 

C V C V 

Assume that £c,V depends only on the states of the bonds connecting V with the neigh- 
boring vertices. We label the states of the horizontal and vertical bonds by the integers 
from 1 to i and from 1 to A: respectively, and denote the energy associated with a ver- 
tex by £ai\bj' where the indices correspond to the states of the bonds as is shown in 
Figure 2. 



-o- 



M 



ai\bi 



Figure 2. The association of the indices with the bonds. 
It is convenient to introduce the Boltzmann weight of a vertex 

Mai\bi = exp(-^£,,|by). 

It is clear that the Boltzmann weight of a configuration is the product of the Boltzmann 
weights of the vertices, and the summation over the configurations is the summation 
over the indices associated with the bonds. One can start with the summation over the 
indices associated with the horizontal bonds of a row excluding the first and the last 
bonds. This gives the quantities 

^aiii2...in\biii2-.in ~ E ^aii\ciii^cii2\c2i2- ■ ■^Cn-lin\bin' ^■^) 
C\,C2,-;Cn-l 

where n is the number of the vertices in a horizontal row. Now we sum over the 
states of the remaining bonds of a horizontal row. If we assume the periodic boundary 
conditions, we should put in equation (2.1) h = a and sum over a. More generally, one 
can multiply (2.1) by some quantities Fj,g and sum over a and h independently. This 
can be considered as a generalization of boundary conditions called quasi-periodic or 
twisted. As the result we obtain the quantities 

'^hh-inlhh-in ~ E ^aii\ciii^Cii2\c2j2 • • ■ ^Cn-lin\bin^ba> 

C\,C2,-;Cn-i,a,b 

which can be graphically interpreted by Figure 3, where 

g J-, 

^ ' ^bai 

and the summation over the indices associated with the internal lines is implied. 
Define a fc" x fc" matrix 

^ y^iii2...i,,\n]2-hJ 

called the transfer matrix. It is clear that the summation over the states of the hori- 
zontal bonds of two adjacent horizontal rows and over the states of the vertical bonds 
between them gives the entries of the matrix T^. Summing over the states of the hor- 
izontal bonds of all horizontal rows and over the states of the vertical bonds between 
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Figure 3. Graphical interpretation of the quantities Ti-yi2...in\hh-in' 



them we obtain the entries of the matrix T'", where m is the number of the horizon- 
tal rows. Assuming the purely periodic boundary conditions for the vertical rows we 
see that the summation over the states of the remaining bonds gives the trace of this 
matrix. Thus, we come to the equation 

Z = tr(r"). 

Recall that the statistical physics describes systems of large numbers of particles. Hence, 
we are primarily interested in the case of large n and m. If Amax is the maximal eigen- 
value of the transfer matrix T and it is nondegenerate, then for large m we have the 
estimation 

Z - A"" 

Therefore, the problem of calculating the partition function is reduced to the problem 
of finding the maximal eigenvalue of the transfer matrix for large n. In some cases it 
can be done using the Bethe ansatz or some its modification. In fact, the applicability of 
the Bethe ansatz is a manifestation of a rich algebraic structure behind the model under 
consideration. To reveal this structure, it is useful to introduce spectral parameters 
associated with the rows and columns of the lattice, see Figure 4, and assume that 



Cm 
Cm-1 



C2 11 ff V — • • • — » » ' >- 

Cl ff 11 V — • • • — If ' 

m m m Vn-2 vn-i vn 



Figure 4. Spectral parameters. 

the Boltzmann weight of a vertex depends on the corresponding row and column 
spectral parameters. So we write T(^|//i,. . .,//«) for the transfer operator. The case 
71 = 72 = • • ■ = 7w = 1 is called homogeneous. 
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2.2. Integrable models. The vertex model under consideration is said to be integrable 
if we have 

[T(^i ...,//„), T(^2 ki. ...,f]n)]=0 (2.2) 
for any and ^2- It follows from this equation that the transfer matrix T{^\r]i, . . . , r]n) 
can be put into Jordan normal form by a similarity transformation which does not 
depend on ^. One can show that equation (2.2) is valid, in particular, if there exist 
f X f quantities Raia2\hih2{li\li) such that 

(^1 l^2)M,^,|fo^fc(^l |//)M,2fc|b2/(^2 

Cl,C2,fc 

= E ^a2t\cA^2\v)^a,k\cS^\v)K,C2\Hh2{^l\^2)r (2-3) 
ci,C2,k 

and 

(^l|^2)Fcifei(^l)fc2fc2(^2) = E f.:Ci(^l)F«2C2(^2)i^c,C2|fo:b2(^ll^2). (2.4) 

Cl,C2 Cl,C2 

The model possesses the richest algebraic structure if additionally 

E ^fllfl2lciC2(C^llC^2)^Cifl3|biC3(^l|C3)-'^C2C3|M3(^2|C3) 

= E ^fl2fl3|c2C3(^2|C^3)^fliC3|cib3(C^l|C^3)^CiC2|foifo2(^l|^2)- (2.5) 
Cl,C2,C3 

This is the famous Yang-Baxter equation. 

2.3. Functional relations for the six-vertex model. The standard example of a quan- 
tum statistical vertex model is the six-vertex model. Here any horizontal and vertical 
bond can be in one of two states labelled by 1 and 2, and the Boltzmann weights 
^ailbjiClv) t)e arranged into the matrix 

f a{Cr]-') \ 

b{Cr^) c{Cr^) 

c(^//-i) b{^f]-^) 
V J 

where 

a{0=q^-q-'r\ h{Q = ^ - r\ c{Q = q - q-\ (2.7) 
and we order the pairs of indices as 11, 12, 21, 22. The parameter is a fixed nonzero 
complex number. We see that the Boltzmann weights are different from zero only for 
six vertex configurations, hence the name of the model. Equation (2.3) is satisfied with 

^fllfl2|folfo2(^l|^2) = Ma^fl2|fclfe2(^ll^2). (2.8) 



{Mat\hi{^\v)) 



(2.6) 



The usual choice for F^i, {C) is 

Fn(0 = fi2(0 = 0, f2i(0 = 0, F^^iQ = q-^ 

where (p is an arbitrary complex number. One can verify that (2.4) is satisfied. 

To find eigenvectors and eigenvalues of the transfer matrix it is convenient to use 
the algebraic Bethe ansatz [59,61]. This approach shows that there are the eigenvectors 
of the transfer matrix with the eigenvalues 

mm 1.) = mmir') n fC^ + ?-*fli.(f^r') n "S^v 
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where < p < n, and ^i, satisfy the Bethe equations 

It can be shown that all eigenvalues can be obtained by the Bethe ansatz, and that the 
corresponding eigenvectors form a basis of C^", see, for example, [9] and references 
therein. It is important that these eigenvectors do not depend on ^, that is in fact a 
consequence of equation (2.2). Now it is clear that there is a matrix 0(j/i, . . . , such 
that 

0(//i,. ..,//„)Td(^|//i,...,//„)0-i(//i,. ..,//„) = T(^|j/i,. ..,;/„), (2.10) 

where T^j^{^\t]l, . . . is a diagonal matrix. 

For a given solution of the Bethe equations we define the function 

0(^|;/i, ...,;/„) = n HUm' ■ ■ ■>vn)r'). (2.11) 

where the dependence of the Bethe roots ^i, . . . , on the spectral parameters rj\, 
f]n is shown explicitly. Now we can rewrite relation (2.9) as 

HC\Vl'---'Vn)0{C\Vl'---'Vn) 

= '^'^W^Vr') Oiq-'^\Vi> ...,Vn)+ q-t'Ylbavr') 0{q^\Vi' ■ --'Vn). (2.12) 

i=l i=l 

The matrix Tj(^|//i, . . . , ?/„) in (2.10) is a diagonal matrix with entries being the 
eigenvalues of T(^|//i,. . .,//«) of the form (2.9). Denote by QdiClVi'- ■ -'Vn) the di- 
agonal matrix whose entries are the corresponding functions 9{^\f]i, . . . ,f]n) given 
by (2.11). It follows from (2.12) that 

^diClVl' ■ ■ ■ 'Vn)Qd{C\Vl' ■ ■ ■ 'Vn) 

= / Yl<^V~' ) Qdiq-'^\Vi' ■■■'Vn)+q-'^Yl K^^/r' ) Qd^Vl' Vn)- (2.13) 

i=\ i=\ 

Define the matrix 

Q(^kl/ ■■■,Vn)= 0{f]i, . . . ,//n)Qd(^|?/l' • • • ' Vn)^~^{Vl' ■ ■ ■ 'Vn)- 

Since the matrix QdiClVi' ■ ■ ■ >Vn) does not depend on ^, it follows from (2.13) that 
T(^|7i,...,j/„)Q(^|//i,...,7„) 

= q'^f\a{^n;^)Q{q-^^\ni,...,Vn) + q-'^f\h{^v7^)^mVl,-^ (2.14) 

i=\ i=\ 

This functional equation is called the Baxter's TQ-equation. By construction, we also 
have 



A\V\'---'Vn)>^{ll\V\'---'Vn)] =0, (2.15) 

[mi\vi' ■■■'Vn), mi\vi' . . . , = (2.16) 

for any and ^2. We call (2.2), (2.15), (2.16) and (2.14) functional relations. They are 
equivalent to the Bethe ansatz in the sense that they can be used to find the eigenvalues 
of the transfer matrix, see, for example, the book [8]. 

In the next section we explain how the objects necessary for the integration of an 
integrable model are related to its background algebraic structure. 
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3. Objects defined by the universal J^-matrix 

In this section A is a Z-graded quasitriangular Hopf algebra over the field C with 
the comultiplication A and the universal R-matrix TZ. Some relevant definitions are 
reproduced in appendices C and D. 

3.1. l?-operators. Let ^ be a representation of the algebra A in the vector space V. 
Given i/ G C^, we denote 

cpv = (po ^v, (3.1) 
where the mapping <t>y is defined by relation (D.l). For any ^i, ^2 ^ we define 

R^(^i|^2) = (ni®n2)(^)' (3-2) 
where TZ is the universal K-matrix of A. Having in mind the relation to integrable 
systems, we call ^1 and ^2 spectral parameters. It is clear that 1^2) is an element of 
End(y) ® End(y) = End(y F). We call it an R-operator. 

It appears often that the universal J^-matrix TZ oi A satisfies the equation 

(0^®0^,)(7^) =7^ (3.3) 

for any v G . From the point of view of the natural Z-gradation oi A(E) A, induced 
by the Z-gradation of A, this means that the universal R-matrix TZ belongs to the zero 
grade subalgebra (A ® A)o, see appendix D. In this case, using the equation, 

cpry = (po0rv = (fro^v, (3.4) 

(3.1) ^ ^ (D.2) 

we obtain 

Thus, R^(^i|^2) depends only on the combination ^1^2^, and one can introduce the 
-R-operator 

which depends on only one spectral parameter and determines the R-operator de- 
pending on two spectral parameters, via the equation 

Return to a general situation and apply the mapping cp^^ (8) cp^2 'P^3 both sides of 
the Yang-Baxter equation (C.5) for the universal R-matrix. We obtain the Yang-Baxter 
equation for the R-operator, 

<(^i|^2)K;'(Ci|^3)4'(^2|^3) = Rf (^2|^3X'(^l|C3X(^l|^2). (3.6) 

In the case where equation (3.3) is valid, for the R-operator depending on one spectral 
parameter we have 

Rfi^n) RlH^i3) Rf(^23) = Rf{^23) RlH^u) R]^(^12). 

Here and below we denote ^/y = ^^^J^- 

One often uses two operators directly related to the R-operator defined by equation 
(3.2). One of them is defined as 

R.(^l|^2)=P^.(^l|^2), 



For the case of square lattice models the vector space V is the auxilary space. 
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where P is the permutation operator inV V, see appendix B. Using this definition, 
we can rewrite the left hand side of the Yang-Baxter equation in the following way: 

(d.3) 

Similarly, we rewrite the right hand side as 
It is not difficult to verify that 

pl2pl3p23 ^ p23pl3pl2^ 

therefore, the Yang-Baxter equation (3.6) is equivalent to the equation 

F/(^l|^2)^;,'(^l|^3)^'/(^2|^3) = ^;2(^2|^3)^'/(^l|^3)^J,'(^l|^2). 

This equation can also be written as 

(id®R<p(^i|^2))(^^(^i|^3)®id)(id®R^(^2|^3)) 

= (R<p(^2|^3)®id)(id®R^(^i|^3))(^<p(^i|C2)®id). 
Another companion for the R-operator is defined as 

R^(^l|^2)=K^(Cl|^2)P, 

Here the Yang-Baxter equation takes the form 

Rl\^l\^2)Rf{^l\^3)Rf{^2\^3) = Rf{^2\^3)Rf{^l\^3)Rf{^l\^2), 

or, equivalently, 

(RfiCl 1^2) ® id)(id ® R^i^i \^3)){Rcpi^2\C3) ^ id)) 

= (id®R<p(^2|^3))(^<p(Ci|C3)®id)(id0R<p(Ci|^2)). 

Assume now that the vector space V is finite-dimensional of dimension i. Let {ca} 
be a basis of V, and {Eat} the corresponding basis of End(y), see appendix A. We 
have 

Rcp{Cl\C2) = X] ^ah\cdRab\cd{^l\^2) = Eflc Efod ^flb|cd(C^l |C^2)/ 

a,b,c,d ' a,h,c,d 

where Rah\cd{^\\^2) are some unique complex numbers. One can verify that the Yang- 
Baxter equation (3.6) in terms of the quantities Rah\cd{^\\^i) has the form (2.5). The f- x 
f- matrix with the entries Rah\cd{^i\^2) is called an R-matrix. We denote it R(p{^\\^2)- 
It is not difficult to convince oneself that 

Now, defining the quantities Rab\cdiLi\^2) by 

^?^(^l|^2)= E Eac®EMRah\cd{^l\^2), 
a,h,c,d 

we see that 

Rah\cd{^l\h)=Ru\cd{^l\Z2)- (3.7) 
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Similarly, defining the quantities Rab\cd{^i\^2) by 

^<p(^l|C2)= E Eac^EMRablcdiCllCl), 
a,b,c,d 

we see that 

Kb\cdi^l\^2) = Rab\dci^l\^2)- 

We denote the matrices with the entries Rab\cdi^i\^2) and Rab\cd{Ci\C2) by R^(^i|^2) 
and R(p{^i\^2) respectively 

One can also define an R-operator using two different representations, say cpi and 
cp2. In this case we use the notation 

Rcp,,,p2{^l\^2) = (<plfi ® (p2Z2){T^)- 

In the case when cpi and ^2 are representations of A in vector spaces V\ and V2, respec- 
tively, the R-operator Rtp^^(p^{l,i\l,2) serves as the intertwiner for the representations 
(P\i,i ®A (P2i,2 ^21,2 ®A (p\i,i of A in the vector spaces V\ ® V2 and V2 ® Vi respec- 
tively* To prove the intertwiner property of Rcp^^tp^iQ we note that 

(P2C2 ®4 (PiCi = (^2^2 ® ^Ki) ° ^ 
Hence, one can write 

= n{{(pi^, ® (p2^^){n){(p^^ (p2^2)('^)i(PKi ® (P2^2)('^~^)) 

= PRn,ni^i\^2){inci ^Acp2^2)i^))iRn,niCi\C2))-'p-'. 

(U.2) 

Finally we come to the declared result, 

Rfi, f 2(^11^2) {(Pu, (84 (P2^2)i^) = inCi ^A 'Pi^i)(«)^<pi,<P2(^ilC2)- (3.8) 

An explicit form of R-matrices was obtained from the corresponding universal R- 
matrices for certain representations of the quantum groups Uq{C{5l2)) [19,27,28,44, 
51,65], Uc,{jC{sl3)) [19,27,28,65] and ^(^(sb, [20,44], where }i is the standard di- 
agram automorphism of si^ of order 2. In fact, up to a scalar factor they coincide with 
the R-matrices obtained by other methods. Nevertheless, it is very useful to under- 
stand that they can be obtained from the universal R-matrices because this allows one 
to relate them to other objects involved into the integration process. 

3.2. Monodromy operators, 

3.2.1. Universal monodromy operator. Let again ^ be a representation of A in the vector 
space V. Given ^ G C^, we define the universal monodromy operator Ai(p{Q by the 
equation 

McpiO = {(p^^id){n), 

where the mapping cp^ is defined by equation (3.1). It is clear that A^^(^) is an element 
of the algebra End(y) ^ A. 



We use the notation 0^ to distinguish between the tensor product of representations and the usual 
tensor product of mappings, so that cp 0^ = {cp^ip) o A. 
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Applying the mapping (X) cpi^^ ® ^'^ both sides of the Yang-Baxter equation 
(C.5), we obtain the equation 

^;'(Cil^2)A^5,'(^i)A^f (C2) = MfiC2)M'^iCi)RfiCi\^2). 
Multiply both sides of the above equation by P^^ (g) 1 and use equation (B.3). This gives 

Rf{Ci\C2)M]^{Ci)Mf{C2) = M'^{C2)Mf{Ci)Rf{Ci\C2)- (3.9) 

There is a matrix equivalent of this equation. 

Assume that the vector space V is finite-dimensional of dimension i. Let {e^} be 
a basis of V and {E^^,} the corresponding basis of End{V), see appendix A. One can 
write 

a,b 

where AiabiO &re some unique elements of the algebra A. Denote by Ad(p{Q the 
matrix with the entries AiabiO- The matrix J\/L(p{Q is an element of Mat£(A). We call 
it a universal monodromy matrix. Now, it follows from (3.9) that 

Rcp{^i\^i){M^{^i)MM^{^2)) = {M^{^2)^MSi))RSi\^2). (3.10) 
Here the operation Kl is defined by equation (A.4), and, using the canonical embedding 
of the field C into A, we treat R-cpiC) as an element of Mat^2(A). It is worth to remind 
here that Kl is a natural generalization of the Kronecker product to the case of matrices 
with noncommuting entries. 

3.2.2. Monodromy operator. Let cp and ip be representations of A in the vector spaces V 
and U respectively.^ Given G C^, we define the monodromy operator M^^,^(^|7/) by 
the equation 

where the mapping is defined by equation (3.1) and the mapping xpyj is defined in 
the similar way. It is clear that M^,,p(^|//) is an element of End(y) End{U). 

One should note that the monodromy operator M(p^tp{C\v) coincides with the R- 
operator R(p^^{^\r]). Nevertheless, we use different names due to different roles these 
objects play in the integration process. 

Since A is a bialgebra, one can also define the monodromy operator^ 

where //i, . . . , //„ are some nonzero complex numbers. Note that this monodromy 
operator is an element of End(y) ® End(L/)®" = End(y) ® End(Lr®"). In fact, one 
can use different representations, say ... , xpn, for different factors of the tensor 
product. This is the case for the construction of the quantum transfer matrix [50] and 
for the description of tntegrable defects [2,30,31,64]. 
For the opposite comultiplication we have 

(id®A°p)(7^) = (id®^23)((id®A)(7^)) = (id(^n^^)(n'^^n^^) = n^^n^^. 

Therefore, we can see that 



^For the case of square lattice models the vector space U is the quantum space. 

^We use the comultiplication A°P instead of A to have relations similar to those which usually arise 
for integrable systems. 
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In general, we have 

M<p,^(^|//i ...,//„)= m;J^(^|//i) . . . m;;«+1(^|7„). (3.11) 

One often labels the first factor of the tensor product V (g) U®^ by and the rest by 1, 
. . . ,n. In this case the above relation takes the form 

If equation (3.3) is satisfied, in the same way as for the case of R-operators, see (3.5), 
we obtain 

M<p,^(^v|//v) = M<p,^(^|//). (3.12) 

Therefore, we can write 

where Mcp^xp{Q = M^,ip(^|l). Furthermore, in this case equation (3.11) gives 

M<p,^(^v|//ll/,...,//„v) = Mcp^^p{^\f]l,...,f]n) 

for any v G C^. 

Assume now that the vector space V is finite-dimensional, {ca} is a basis of V, and 
{E„^} the corresponding basis of End(F). Represent the monodromy operator as 

Mcp,f{^\Vl'---'Vn) = YL^ah®'^ah{^\Vl'--->Vn)> (3-13) 

a,h 

where Mab{C\Vi' • • • / ^«) are elements of End(LJ)®« = End(LJ®"). It is clear that 

Mab{C\m'---'Vn) = ^A°P ■ ■ ■ ^A°P %n)i^ab{0)^ (3.14) 

where AiatiC) are the entries of the universal monodromy matrix defined in sec- 
tion 3.2.1. Denote by M(p,^(^|j/i, . . . , //„) the matrix with the entries Mai,{^\r]\, ■ ■ ■ , t]n)- 
It is an element of Mat£(End(L/)®") = Mati{End{U®")). Using (3.11), one can show 
that 

Mcp,f{^\i]i,...,t]n) = M^,^(^|7i) □...□M<p,^(^|//„), (3.15) 

where the operation □ is defined by (A.3). Applying the mapping 1/?^^ (8)4°? • • • (^a^p 
to the entries of matrices in both sides of equation (3.10) and taking into account 
relation (3.14), we see that 

R^(^l 1^2) (M^,^(^i . . . , f]n) ^ M^,^(^2kl' ■■■'Vn)) 

= {Mcp,^{^i\r]i, y]n) ^ M<p,^(^i . . . ,j/„))R^(^i |^2)- 

Relations of this type are the basis of the algebraic Bethe ansatz [59,61]. 

Now assume that the vector space M is finite-dimensional. Let {e\\ be a basis of \1, 
and {E/y} the corresponding basis of End(L[). Represent the monodromy operator as 

^tnin' (3-16) 

ii,...,in 

h'-'jn 

where M;^ j^^iy^ iClVi' • • •> Vn) are elements of End(y). Introducing the matrix 

and using (3.11), we obtain the equation 

M^,^{C\i]i, ...,r]n)= M^^^{C\f]i) K . . . K M^,^{C\r]n). (3.17) 



UNIVERSAL J?-MATRIX AND FUNCTIONAL RELATIONS 13 

If both vector spaces V and \1 are finite-dimensional, we can write 

a, ii,...,i„ 

b, ii,...,i„ 

where M^,-^ j^^^y^ (C^l^i/ • • • / Vn) ^re elements of the field C. Here relation (3.11) gives 
M„fj,2...;„|fo7i72.../n(^l^l'---'^«) 

Cl,C2,...,C„_l 

This is equation (2.1) with the dependence on the spectral parameters included. 

For usual square lattice models, such as the six-vertex model, the representation 
xj) coincides with the representation cp. Here the monodromy operator Mcp^xp{C\v) — 
^f,<p{C\v) coincides with the corresponding R-operator Rcp{^\f]). 

3.3. Transfer operators. The transfer operators are obtained via taking the trace over 
the representation space V of the representation cp used to define the monodromy 
operators. Some necessary information on traces can be found in appendix E. 

3.3.1. Universal transfer operator. Let cphe a representation of the algebra A in the vec- 
tor space V, and t a group-like element of A, 

A{t) = t(^t. (3.18) 

We define the universal transfer operator as 

r^{Q = {trv^id)iMcpiO{(p^{t)^l)) = ((tryo,p^)®id)(7^(^®l)), 

where the mapping is defined by relation (3.1). We call t a twist element. 
It is easy to see that 

A°p(t) = n(A(t)) = t(»t. 

(C.l) (3.18) 

From the other hand 

A°p(t) = uAum-^ = n(t0t)n-\ 

(C.2) (3.18) 

Therefore, we have the equation 

n{t ^ t) = {t ^ t)n. (3.19) 

The above equation can be written as 

n'W = th^n^\ 

Multiplying the Yang-Baxter equation (C.5) from the right by t^t^ and using the above 
equation, we obtain 

(7^l3^l)(7^23^2) = {n^^)-^{n^^t^){n^^t^)n^^. (3.20) 

Applying to both sides of this equation the mapping (tr o (g) (tr o ^^2) ® id, we 
come to the equation 

r^{^i)rsi) = r^i^imci)- (3.21) 

Here we use equation (E.5). More generally, if cpi and ^2 are arbitrary representations 
of the algebra A, then 

7-^1(^1)7-^2(^2) = r^2(^2)r^i(Ci) (3.22) 

for all^i,^2eC\ 
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Let a be an invertible group-like element of A which commutes with t. Using the 
equation 

we obtain 

Rewriting this relation as 

(fll)-l((7^l2fl) fl2) ^1 = a^^'R}^'^), (3.23) 
and applying to both the sides the mapping (tr o (p^) id, we see that 

for any invertible group-like element a G A commuting with the twist element t. 

Assume that the vector space V is finite-dimensional of dimension i, and {ca} is a 
basis of V. Denote by Fip{Q G Mat^(C) the matrix of ^^(i) with respect to the basis 
{ca}. It is clear that 

r^iO = tr{M^{OF^{0), (3.24) 
where the matrix A4^(^) G Mat£(A) is defined in section 3.2.1, and, using the canon- 
ical embedding of the field C into A, we treat the matrix F(p{Q as an element of 
Mat£(A). Applying to both sides of equation (3.19) the mapping (8) ^^j' 
tain in terms of the corresponding matrices 

l?^(Cl|^2)(F^(^l)®F^,(^2)) = (F^(^i)®f^(^2))l?^(^l|^2). 

In terms of matrix entries this equation coincides with equation (2.4). 

3.3.2. Transfer operator. Let xphe a representation of the algebra A in the vector space U. 
We define the transfer operator T^^,^,(^|//i, ...,;/„) by the relation 

= ((try o cp^) (i/7^j (^^op . . . ®4op ^/7^J)(7^(^ ® 1)), 

where r]i, ■ ■ ■ ,r]n are nonzero complex numbers, and the mapping ip^ is defined in the 
same way as Equation (3.21) immediately gives 

Tcp,xl,{Cl\Vl' ■ ■ ■ 'Vn)T(p,xp{C2\Vl' ■ ■ ■ 'Vn) = T^4'{C2\Vl' ■ ■ ■ 'Vn)Tcp,f{Cl\Vl' ■ ■ ■ 'Vn) (3-25) 

for all a ^2^ 

In the case when ^ is a finite-dimensional representation, we see that 

(0) 

= tr((M^,^(C|7l) □ • • • □ M^,^(^|J/„))F^(0). 

Here the matrix M<p,,p(^|j/i, . . ■ ,r]n) is defined in section 3.2.2 and the matrix F^(^) in 
section 3.3.1. In the case where equation (3.3) is satisfied, from the above relation it 
follows, in particular, that 

'^cp4{^v\r]iV,...,r]nV) = Tcp,ip{C\f]l,...,f]n) 

for any v G C^. 

Assume now that ip is a finite-dimensional representation, {e, } is a basis of U, and 
{Ejj} the corresponding basis of End(Lr). We can write 

h,-Jn 
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for some T, 



ti...l„\]i...]n 



. . . , f]n) G End{V), and define the matrix 



Now we have 



try(M<p,^(^|//i) M...^ M^,^{C\f]n)nii)), (3.26) 



(3.17) 



where the matrix M^^^(^|;/i, . . . , //„) is defined in section 3.2.2, and the mapping try is 
applied to the matrix entries. As follows from (3.25) the matrices T^^i^(^|;/i, ...,;/„) for 
different values of the spectral parameter ^ commute. 



see relation (2.2). 

3.4. L-operators. To formulate and prove functional relations we additionally need 
Q-operators. We start with L-operators which play in the construction of Q-operators 
the same role as monodromy operators in the construction of transfer operators. 

3.4.1. Universal L-operator. First of all, we assume that the universal R-matrix TZ of the 
algebra A is an element of the tensor product A_|_ (8) A_, where A_|_ and A_ are proper 
subalgebras of A. In particular, it is so when A is the quantum group associated with 
an affine Lie algebra, see, for example, [32,44,51,63]. Certainly, any representation of 
A can be restricted to representations of A+ and A_. However, this does not give new 
interesting objects. To construct L-operators one uses representations of A+ which 
cannot be extended to representations of A. Let p be such a representation of A+ in a 
vector space W. We define the universal L-operator by the equation 



where the mapping is defined by the relation similar to (3.1). It is clear that JCp{Q is 
an element of End(W) C§) A_. 

In spite of the fact that the definition of the universal L-operator is very similar to the 
definition of the universal monodromy matrix, we could not obtain for the universal 
L-matrix all relations satisfied by the universal monodromy matrix. This is due to the 
fact that, to obtain such relations, we should have a representation of the whole algebra 
A. Moreover, in all known interesting cases p is an infinite-dimensional representation, 
so we cannot introduce the corresponding matrices. 

In fact, to come to functional relations, one should choose representations p, defin- 
ing Q-operators, to be related to representations cp, used to define the monodromy 
operators and the corresponding transfer operators. Presently, we do not have full 
understanding of how to do it. It seems that representations p should be obtained 
from representations cp via some limiting procedure, see [11,37] and the discussion in 
section 4.6. 

3.4.2. L-operator. Let xp he a representation of the subalgebra A_ in the vector space 
U. To come to objects satisfying functional relations one uses as xp the restriction to 
A_ of the representation used to define the corresponding monodromy and transfer 
operators. The L-operator Lp^ip{^\r]i, . . . ,rjn) is defined as 



= (p^ ® (iptj^ ®4op . . . ®4op %„)){n), 



jCp{C) = {p^0id)in), 
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where rix, ■ ■ ■ ,y\n are some nonzero complex numbers and the mapping j/?,^ is defined 
by the relation similar to (3.1). It is evident that hp^^,{Z\ri\, . . .,fjn) is an element of 
End(W) (g) End(Lr)®" = End(W) End(Lr®"). As well as for the monodromy matrix, 
see (3.11), one can see that 

Lp,^,{C\r]i...,f]n) = L];^{^\m)---Ll'yH^\nn). (3.27) 

If equation (3.3) is satisfied, in the same way as for the case of R-operators, see (3.5), 
we obtain 

and, therefore, 

where Lp^^{Q = Lp^^(^|l). Equation (3.27) in this case gives 

Lp,f{Cv\r]iV,...,f]nV) = Lp,^(^|j/i,...,7/„). 

Assume now that the representation ip is finite-dimensional. Let {g;} be a basis of U 
and {Eij} the corresponding basis of End(Lr). We can write 

ii,...,i„ 

h,-,in 

where Li^„,i„\j^,„j„{C\Vi' ■ ■ ■ >Vn) are elements of End(W). Now we can introduce the 
matrix 

and be convinced that 

^MVl' ■■■>Vn)= l^p,^{^\Vi) ^ • • • ^ ^p,^{l\Vn)- (3.28) 

Detailed calculations giving the explicit forms of L-operators for the case of the 
quantum groups Uq^C^si^)) and Uq{C{s[^)) can be found in the paper [19], and for 
the case of the quantum group Uq{C{5{o,,}i)), where again y. is the standard diagram 
automorphism of SI3 of order 2, in the paper [20]. 
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3.5. Q-operators. 

3.5.1. Universal Q-operator. Given ^ G C^, we define the universal Q-operator by the 
relation 

One can easily see that 

QpiO = ((trwo^^)(8id)(7^(^®l)) = ((trw o p^) ® id)(7^l2^l). 

It is clear that Qp{C) is an element of the algebra A_. 

Applying the mapping (tr op^^^) (tr o (g) id to both sides of equation (3.20), we 
obtain 

QpiCimCi) = r^(^2)Qp(Ci). (3.29) 

Here and below we assume that the same twist element is used to define both the 
universal Q-operator and the universal transfer matrix. Note also that, using equation 
(3.23), one can show that 

QpiOa = aQpiO 

for any invertible group-like element a which commutes with the twist element t. 
However, using only equation (3.20), one cannot prove the commutativity of Qp{C) 
for different values of the spectral parameter, because p cannot be extended to a rep- 
resentation of the whole algebra A. Here the following fact appears to be useful [58]. 

Let pi and p2 be two representations of the algebra A+ in vector spaces Wi and W2, 
respectively, and pi^^ and 102^2 mappings constructed by the relations similar to 
(3.1). We have 

Qpi(Ci) 2^2(^2) = [((trWl0^l^J®id)(7^"^l))] [((trw2op2^2)®id)(7^23^2) 

= {{trn.^w, o (^^1^, ® p2^,)) ® id) (n'h'n^h' 

(E.4) V 

Using equations (C.3) and (3.18), we obtain 

n^^t^n^^t^ = [{A(^id){n)] [(z^®id)(^® i)] = (z^®id)(7^(^ ®i)). 

Hence, one can write 

Qpi(^i)Qp2(^2) = (((trwi55W2 o (Pk, ® 92^2)) ® id) o (A® id))(7^(^ (E) 1)), 
and, finally, 

Qp,{Ci)Qp2{C2) = ((trwis^w^o Wl®4P2^J)®id)(7^(^®l)). (3.30) 
In a similar way one can obtain expressions for other products. For example, 

T^iCi)Qp{C2) = ((tryg5w°(nl®4^^^2))®id)(7^(^®l)). (3.31) 

3.5.2. Q-operator. We define the Q-operator Qp,^(^|7/i, . . . , ?/„) by the relation 

Qp4'{C\Vl'---'Vn) = iT^wiLp,tpiC\Vl'---'Vn))- 

It is evident that 

QpA^\Vl'---'Vn) = ^AOP ■■■^Aop1pri„){Qp{0) 

= ((trwO|0^) ® (j/'^i ®4°P • • • ®4°P ® 1)). 
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Assume now that tpis a finite-dimensional representation, {ej} is a basis of the rep- 
resentation space U, and {E,y} the corresponding basis of End(l!i). We can write 

Qp A^lVl' ■■■rVn)= E Qri...in\h-in ■ ■ ■ ,Vn) ® Eil/i E^„;„ 

h,--;in 
h'-'in 

where Qi^,„i„\j^,„j„{C\Vi' • • ■ 'Vn) ^re the appropriate elements of End(W), and define 
the matrix 

Qp,<p{^\m'---'Vn) = {Qi,...i„\n...j„{^\Vl'---'Vn))- 

Now we have 

Qp,xp{C\Vi'---'Vn) = trw(Lp,,p(^|j/i,...,J/„)|O^(0) 

= trw(Lp,^(C|j/i) ^ • • • ^ Lp,^(^|7/„)p^(0), (3.32) 

(3.28) 

where the matrix Lp^^(^|//i, . . . , is defined in section 3.4, and trw is applied to the 
matrix entries. 

From equation (3.29) we obtain 

[Qp,fiCl\Vl'---'Vn)^T^,^iC2\Vl'---'Vn)] = 0, 

or, in terms of the corresponding matrices, 

[Qp,xp{Cl\Vl' ■ ■ ■ '^n),^cp,xp{C2\Vl' ■ ■ ■ 'Vn)] = 0, 

see relation (2.15). 

Further progress in obtaining functional relations can be achieved only by using 
the properties of the specific representations of concrete quasitriangular Hopf alge- 
bras. The corresponding calculations were given for the case of the quantum group 
Uq{C{sl2)) in the papers [15,16,26], for the case of the quantum group Uq{C{sl3)) [11], 
for the case of the quantum group Uq{C{sl2^i)) in the paper [17], see also [1,47-49,58]. 
In the next section we reconsider the case oi Uq{jC{3l2)), having in mind to fill certain 
gaps of [1, 15, 16, 26] and to derive the full set of functional relations in the model- 
independent form. 

4. Example related to the six-vertex model 

As an example we consider the case of the quantum group Ucj{jC{sl2)). To obtain 
objects related to integrable systems, we need representations of this quasitriangular 
Hopf algebra. The standard method here is to use the Jimbo's homomorphism [40] 
from Uq{jC{sl2)) to the quantum group Uq{sl2), and then construct representations of 
Uq{jC{sl2)) from representations of Uq{sl2). 

Depending on the sense of q, there are at least three definitions of a quantum group. 
According to the first definition, q = exp h, where h is an indeterminate, according to 
the second one, q is indeterminate, and according to the third one, q = exp h, where h 
is a complex number such that 7^ 0, ±1. In the first case a quantum group is a C[[^]]- 
algebra, in the second case a C((^)-algebra, and in the third case it is just a complex 
algebra. It seems that to define traces appropriately, it is convenient to use the third 
definition. Therefore, we define the quantum group as a C-algebra, see, for example, 
the books [36,41]. 

4.1. Quantum group 11^(312). 
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4.1.1. Definition. Let hhe a complex number such that q = exp h ^ 0, ±1. We assume 
that q^, 1/ G C, means the complex number exp{hv). The quantum group Uq{sl2) is a 
C-algebra generated by the elements E, F, and q^^, v G C, with the following defining 
relations: 

CjO = 1, q^^Hq'^^H ^ ^(vi+v2)H^ 
^vH^^-vH ^ ^Iv^^ q^^Fq-"^ = q-^^F, 
[E,F]=K-\q^-q-^). 

Here and below Kq = q — q~^. Note that q"^ is just a notation, there is no an element 
H G Uq{5{2)- In fact, it is constructive to identify H with the standard Cartan element 
of the Lie algebra 5(2, and vH with a general element of the Cartan subalgebra P) = CH. 
Using such interpretation, one can say that q"^ is a set of generators parameterized by 
the elements of the Cartan subalgebra f). 

The quantum group Uq{s['2) is also a Hopf algebra with the comultiplication 

A{E) = E®l+q-^ ®E, A{F) =F ®q^ + 1®F, 

and the correspondingly defined counit and antipode. 

The monomials E^F^q^^ for r, s G Z>o and v G C form a basis of Mqi^X'i). There is 
one more basis defined with the help of the quantum Casimir element C which has the 
form^ 

C = q^-^ + q-H+^ + k]EF = q^+' + q-^-' + K^f E. 

Here and below we use the notation q^^^^ = q^q^^, v, ^ G C. One can verify that C 
belongs to the center of Uq{sl2). It is clear that the monomials E^'^^C'^q^^, F''^^C^q'^^ 
and C^q^'^ for r, s G Z>o and v G C also form a basis of Uq {sl2). This basis is convenient 
to define traces on Uq{sl2). 

4.1.2. Verma representation. Given ^ G C, let be a free vector space generated by the 
set {vq,Vi, . . .}. Introduce the notation 

M, = V G c. 

One can show that the relations 

q'^^Vn = q^^^^'^^'^Vn, EVn = [n]q[fi-n + \\qVn-\, FVn = Vn+1 (4.1) 

endow F?' with the structure of a left 1/^(5 (2) -module. The module F^' is isomorphic 
to the Verma module with the highest weight whose action on H gives j^i. 

We denote the representation of Uq{sl2) corresponding to the module F'' by tt?'. If 
ji equals a non-negative integer m, the linear hull of the vectors u„ with n > m is a 
submodule of F"' isomorphic to the module V~"^~^. We denote the corresponding 
finite-dimensional quotient module by V" and the corresponding representation by 



7 

There are a few different equivalent choices for comultiplication, counit and antipode in 11^(5 [2). 
Since we are going to use the Khoroshkin-Tolstoy expression for the universal R-matrix, we follow the 
convention of the paper [63]. 

Q 

We use a nonstandard, but convenient for our purposes, normalization of C. 
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It is easy to see that for the quantum Casimir element we have 

7f/' (C) = + q-^-\ 7r'« (C) = q"'+^ + q'"^-^ (4.2) 
for any ^ G C and m G Z>o. 

4.2. Quantum group Lr^(£(sfl2)). 

4.2.1. Definition. We start with the quantum group L7(^(>C(s[2)). The reason is that the 
expression for the universal R-matrix given by Khoroshkin and Tolstoy [63] is valid 

for the case of Uq{C{5{2))- 

First, let us describe the root system of £(s[2)- The Cartan subalgebra of £(3(2) is 

^ = e Cc e Crf, 

where f) = CH is the standard Cartan subalgebra of s[2, c is the central element, and d 
is the derivation [43]. Define the Cartan elements 

ho = c-H, hi = H, (4.3) 

so that one has 

\) = £hQ® Chi ® Crf. 
The simple positive roots ixq, G f)* are given by the equations 

ocjQii) = Uij, 
(Xo{d) = 1, oci{d) = 0, 

where 

i^tj) = ( -2 2 

is the Cartan matrix of the Lie algebra jC{sl2). The full root system A of £(s[2) is the 
disjoint union of the system of positive roots 

A+ = {ao + k{oio + oii) \ k e Z>o} U {oci + k{oio + oci) \ k e Z>o} 

U {;c(a;o + ai) I k G Z>o} 

and the system of negative roots A_ = — A+ [43]. 

Let again hhe a complex number, such that q = exp h 7^ 0, ±1. The quantum group 

Uq{jC{sl2)) is a C-algebra generated by the elements ei, fi, i = 0, 1, and q^, x G f), with 
the relations 

q° = 1, = ^W2^ (44) 

q-e.q-^ = q^-^^^e,, q^f.q-^ = q-<^^ f„ (4.5) 

J;] = (^'' - r'O (4-6) 

satisfied for all i and /, and the Serre relations 

ef e . - [3] dC^e-e^ + [3] aCff} - e-ef = 0, (4.7) 

fffj - [3] ,flfjf, + [3] ,fjjfl - fjff = (4.8) 

satisfied for all distinct z and 

The quantum group Uq{jlZ{5l2)) is a Hopf algebra with the comultiplication A de- 
fined by the relations 

A{q^) =q^(^ q\ (4.9) 
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A{ei) =ei(g)l + q Ci, A{fi) = fi ® q"^ + 1 ® (4.10) 

and with the correspondingly defined counit and antipode. 

To give the definition of the quantum group Uq{jC{sl2)), we first introduce the Hopf 

subalgebra Uq{jC{sl2)) of Uq{jC{sl2)) generated by ei, fj, i = 0, 1, and q^, x G f), where 

[} = Cho® Chi = CH e Cc. 

The quantum qroup Uq{jC{5l2)) can be defined as the quotient algebra of Ucj{jC{si2)) 
by the two-sided ideal generated by the elements of the form q^''^ — 1, i/ G . In terms 
of generators and relations the quantum group Uq{jC{sl2)) is a C-algebra generated by 

the elements e,, i = 0, 1, and q'^, x G [), with relations (4.4)-(4.8) and 

where v G C^. It is a Hopf algebra with the comultiplication defined by (4.9), (4.10) 
and with the correspondingly defined counit and antipode. One of the reasons to use 
the quantum group Uq{C{5\.2)) instead oi Uq{C{s\2)) is that Uq{C{5{2)) has no finite- 
dimensional representations with a nontrivial action of q^^^o+h) = ^vc 

4.2.2. Useful basis. We call a nonzero element a G L[(j(£(s[2)) a roof eZewenf correspond- 
ing to the root 7 G f)* if 

q^aq~^ = q^^^^a 

for any x G t). It can be shown that for any 7 G A there is a nonzero root element, and 
this element is unique up to multiplication by a nonzero scalar factor. It is clear that 
the generators and /; correspond to the roots a, and — a, respectively. Choose for 
each root of A a root element, and denote the root element corresponding to a positive 
root 7 by e-y and the root element corresponding to a negative root — 7 by /y. Assume 
that some total order -< of positive roots is fixed. It appears that the monomials of the 
form 

tj^... t^^, jg^ ... jg^ q , 

where 71 ^ . . . ^ 7^ and 5\ ^ . . . ^ 5s, form a basis of Uq{C{s{2))- 

Let us describe the method to construct the root elements corresponding to the roots 
of A used by Khoroshkin and Tolstoy [63]. It can be shown [45] that the appear- 
ing root elements are closely related to the quantum group generators introduced by 
Drinfeld [35]. 

It is customary to denote a = Di\ and 5 = DiQ + cci, so that the simple positive roots 
are now 5 — 0. and a. Then the system of positive roots is 

A+ = {x + k5\k^ Z>o} VJ{k5\k^ Z>o} VJ{5-oc + k5\k^ Z>o}. 

For the simple roots we choose 

— ^O-ii ^5— a — ^dQi fa. — ftx-ii fs—a — /^o' (4-12) 

Now we define the root element corresponding to the root S putting 

e'g = Ca es-a - q~'^es-a ea- (4.13) 

Here we use the prime because to construct the universal R-matrix we redefine the 
root elements corresponding to the roots kS and —kS and denote by ej^s arid fj^s the 
result of the redefinition. The remaining root elements corresponding to the positive 
roots are defined recursively by the relations 

ea+ks = [2]q^{ea+{k-i)se's - e^e^+(fc-i)j), (4.14) 
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'^{S-ix)+kS = ['^]q^ {^S'^{S-a)+{k-l)S - '^{S-cc) + {k-l)S(^'5)' (4-15) 
^kS = ^ix+{k-l)S - <] ^&-ci ea+(/c-l)<5- (4.16) 

The root elements corresponding to the negative roots are defined with the help of the 
relations 

fs=fs-ccf^-q^fafs-a, (4-17) 
fa+kS = [2](j {fsfc+{k-l)S - fci+{k-\)5 fs)' (4-18) 
f{5-ci)+k& = [^]q^ {f{S-ci) + {k-\)S fs - fs f{S-ci) + {k-l)5) ' (4-19) 
f'kS = fs-a foi+{k-l)S - 1^fa+{k-l)sfs-a- (4.20) 

The coefficients in (4.14), (4.15), (4.18) and (4.19) are chosen in such a way that for 

7 = 0; and 7 = (5 — a we have 

[e^+ksjy+ks] = - 

where /la = hi and /zj-^ = hQ. 

The root elements e^^^ needed for the construction of the universal R-matrix are re- 
lated to the root elements e'^^ by the equation 

K^ej(x) =log(l + K^e^(x)), (4.21) 

where 

00 00 

k=l k=l 

The root elements fj^s are defined with the help of the equation 

-K,/,(x)=log(l-K,/Kx)), (4.22) 

where 

00 00 
fsix) = Efis^''"' fsi"") = Lfks^'^- 

k=l k=l 

4.2.3. Universal R-matrix. We follow here the approach developed by Khoroshkin and 
Tolstoy [63]. Although this is not clearly stated in the paper [63], Khoroshkin and Tol- 
stoy define a quantum group as a C[[^]] -algebra. In fact, one can use the expression 
for the universal R-matrix from the paper [63] also for the case of a quantum group 
defined as a C-algebra having in mind that in this case a quantum group is quasitrian- 
gular only in some restricted sense. Namely, all the relations involving the universal 
R-marix should be considered as valid only for the weight L[(j(£(5[2))-modules, see in 

this respect the paper [62] and the discussion below. Remind that a Ug(£(s [2)) -module 
y is a weight module if 

^= e^A, 

where 

V\ = {v \ ci^v = q^^^^v for any x G I)}. 

The same terminology is used for the corresponding representations. 

According to the paper [63], one starts with choosing some normal order -< of the 

positive roots of £(s[2)- In general, one says that a system of positive roots is suppHed 
with a normal order if its roots are totally ordered in such a way that 



UNIVERSAL J?-MATRIX AND FUNCTIONAL RELATIONS 23 

(i) all multiple roots follow each other in an arbitrary order; 

(ii) each non-simple root a + /3, where a is not proportional to j6, is placed between 
DC and /3. 

In our case a normal order is fixed uniquely if we require 

K. + k5 ^ 15 ^ {5 - K.) + m5, 
and in accordance with it the roots go as 

OL, 5, . . . , 0L + k5, . .. , 5,15, t&, . . . , ... , [5 — cl)+ mS, . . . , {S — ol) + 5, S — ol. 

The expression for the universal J^-matrix, obtained by Khoroshkin and Tolstoy, has 
the form 

7^ = TZ^s T^r^s T^ys ^- (4.23) 
The first factor is the product over k G Z>o of the t^-exponentials 

in the order coinciding with the chosen normal order of the roots a + kS. Here the 
(^-exponential is defined as 



n=l V'Vg 

where 

(n),! = (l),(2),...(nV K = 
The factor 7^^^ is given by the expression 

k \ 
'^^ E pj^^^fc^^A'^ I • (4.24) 

The factor TZys is the product over k G Z>o of the r^-exponentials 

in the order coinciding with the chosen normal order of the roots {S — a) +kS. 

The last factor K, is not defined as an element of Ucj{jC{sl2)) (8) Uq{jC{sl2)). However, 
one can define its action on the tensor product of any two weight Lrq(>C(s [2)) -modules. 
Let V and U be weight Lr(j(£(s [2)) -modules with the weight decompositions 

The action of /C on F (g) LT is defined by the relation 

k:v®u = ciKh.Mh.)/2+mm+mv(.c) ^^^^ (4_25) 

where v ^ Vx and u ^ U^. Slightly abusing the notation, we denote the corresponding 
operator by (g) j/')(/C), where cp and tp are the representations corresponding to the 
modules V and U respectively. If the module U is finite-dimensional, {e^} is a basis of 
U formed by weight vectors, and {Eys} is the corresponding basis of End(Lr), we have 

r 

where is the weight of Cy. 



24 



H. BOOS, F. GOHMANN, A. KLUMPER, KH. S. NIROV, AND A. V. RAZUMOV 



Note that in the case when we define a quantum group as a C[[^]] -algebra, K is an 
element of its tensor square of the form 

^ _ ^ha^}ici/2+c®d+d®c 

and the notation (cp i/')(/C) has a straightforward sense. 

In the case of the quantum group Ucj {£,{512)) we again define the elements and 
fj, 7 G A+, by relations (4.12)-(4.22). The universal R-matrix is again defined by 
equation (4.23), where the factors TZ^s> ^rid are defined in the same way as 
in the case of the quantum group Uq{jC{sl2)), while for the factor K, we have 

lCv®u = q^^^-^^'^'-^^^v^u (4.27) 
instead of equation (4.25), and 

{(p®xp){lC) = Y^(p{qf'''^^^^^^/^)^Err (4.28) 

r 

instead of equation (4.26). 

4.3. l?-operators. First of all, we assume that actual spectral parameters are complex 
numbers u and Vi such that 

^ = = e^", rji = q'^' = e^^'. (4.29) 

This convention allows us to uniquely define arbitrary complex powers of ^ and rji. 

To construct R-operators we need representations of the quantum group Uq{jC{sl2)). 
We start with the Jimbo's homomorphism [40] 

cp : Uq{C{5l2)) ^ ^(5(2) 

defined by the equations 

(p(q^h.) = q^H^ (p(e«) = E, (p{h) = 'P, (4.30) 

cp{q-^s-.) = ^-vH ^ <p(e,_,) = f, cp{fs.,) = E. (4.31) 

Let ft^ be the highest weight infinite-dimensional representation of llq{s[2) with the 
highest weight }i described above. We define a representation oiUq{C{s[2)) as 

= yf?' o (p. 

One more necessary ingredient is a Z-gradation oillq{C{5{2)). We define it assuming 
that the generators q^ belong to the zero grade subspace, the generators belong to 
the graded subspaces with the grading indices S/, and the generators /, belong to the 
graded subspaces with the grading indices — s,. For the mapping <i>y, defined by (D.l), 
we have 

^yiq"") = q\ ^y{ei) = v'^e,, 0y{f,) = i/"^'/, (4.32) 

Note that with this definition of a Z-gradation of Uq{C{sl2)) the universal R-matrix 
(4.23) satisfies equation (3.3). Below we denote s = sq + Si. Now, given ^ G C^, we 
define the representation as 

Slightly abusing the notation, we denote the corresponding LZ(^(£ (512)) -modules by V?' 
and Vl^. Taking into account (4.1), (4.30), (4.31), and (4.32), we see that for the module 
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one has 

q^h. = ^y{F-2n) ^^^^ ^vh,_^ ^ ^-v(F-2n) ^^^^ (433) 

ea Vn = [n]^[ii - n + 1]^ Vn-i, es-u Vn = r° Vn+1, (4.34) 

fccVn = C~'^Vn+i, /<5_a i;„ = ^"'0 [n] - n + 1]^, (4.35) 

In the case when j.i equals a non-negative integer m we denote the corresponding 
finite-dimensional representations by cp^ and (p^, and the modules by V" and V^. 
Now we denote 

and shortly describe how to find an explicit expression for R{Q = Ri {Q. We refer the 
reader to the paper [19] for more details. 

The representation of Ucj{sl2) is two-dimensional and we have 

n\q'^) = q^En + q-'E22, n\E) = E12, n\F) = E21. (4.36) 

Here and below E^^ are elements of the basis of End(C^) corresponding to the standard 
basis {ca} of C^. Using (4.30), (4.31) and (4.32), we come to the relations 

(pIW'^') = ^'Eii + r'E22, cpli'^"^'-') = ci'^En + q"E22, (4.37) 

cplie,) = r E12, (flies-.) = r"'^E2i, (4.38) 

(flifa) = r''E2i, cplifs-.) = r'+'^Ei2. (4.39) 
It follows from (4.13) and (4.17) that 

(flie's) = r(En - r'E22), cp}{fs) = r'iEn - ^^£22), 
and the recursive definitions (4.14), (4.15), (4.18) and (4.19) give 

cp}{ea+ks) = {-lfq-'C''+''Eu. <pl{e(^5-.)+ks) = (-l)^r'^^'"'^^+''E2i, (4.40) 
^lih+ks) = {-Wr''-''E2i, cp}{fis-a)+ks) = (-l)'^g*^r^^-^^^-'^£i2. (4.41) 
Starting from (4.16) and (4.40), we come to the equation 

cpl{eis) = {-l)'-'q-'^'^''{En-q-'E22). 
Taking into account (4.21), we obtain 

cplie^s) = i-lf-'[k],^iE^, - q-^^E22). (4.42) 

In a similar way, starting from (4.20) and (4.41) and taking into account (4.22), we 
determine that 

7 — ks 

^\{hs) = {-l)'-'[k], ^(£11 - ^2*^E22). (4.43) 

Now we can obtain expressions for the images of the factors entering the Khorosh- 
kin-Tolstoy formula (4.23) for the universal R-matrix. To find expressions for the im- 
ages of the factors TZ^s and 7?.^j, we use the identities 

(E12)" = 0, (E21)" = (4.44) 

valid for any integer n > 1. Using (4.40) and (4.41) and summing up the arising 
geometric series, we find 

{(pI ® (pi){'R-^s) = 1 ® 1 + ^qj^zh- E12 ® E21, (4.45) 

J- ti2 
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(4.46) 



Using (4.42) and (4.43), we obtain for the image of the factor IZr^s the expression 



A2('7^52)-^2(rT52) 



:il 05 til 



+ 



J- (7I2 ^ bl2 



E22 (X) Ell + E22 ® E22 



where 



A2(0= E 



, (4.47) 



(4.48) 



The simplest part of the calculations is to obtain an expression for the action of the 
factor K. on the space C§) C^. As before, slightly abusing the notation, we denote the 
corresponding operator by (p\^JJC). Let }i\ and ^2 be the weights of the vectors 

e\ and 62 forming the standard basis of C^. It follows from (4.37) that 

}ii{K) = l, ^2iK) = -h (4.49) 

and equation (4.28) gives 

{(pl ® (pi){JC) = q^'^Eii ® Ell + q-^'^Eii ® E22 

+ '?"^^^E22 ® Ell + '?^^^E22 ® E22. (4.50) 

Now we have the expressions for all factors necessary to obtain the expression for 
-R(^) = i^i(C^)- After simple calculations we determine that 



i/2_A2(<jr)-A2(r'^') 



+ 



Ell ^ Ell + E22 ^ E22 



1 - q-^C' 



.Ell ® E22 + E22 Ell 



+ 



1 - q-^^^ 
It is instructive, using the identity 

A2(^?c) + A2(r'o = -iog(i-o, 

to rewrite the expression for J^(^) as 



(riEi2®E2i+r°E2i®Ei2) 



. (4.51) 



(4.52) 



{q^-'l^ - q-^^''^){Eii ® Ell + E22 ® E22) 
+ (r'^' - r^')(Eii ® E22 + E22 ® Ell) 

+ K^(r^'°"'^^/'Ei2 ® E21 + ^ 



(4.53) 



Note that we come to the most frequently used symmetric R-operator putting sq = — 1 
and Si = — 1 and omitting the factor before the square bracket, compare with relations 
(2.8), (2.6) and (2.7). 
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4.4. Monodromy operators. Now we find an expression for the monodromy operator 

choosing as cp the Jimbo's homomorphism and as xp the representation cp^. In fact, we 
extend the notion of the monodromy operator allowing for using general homomor- 
phisms instead of representations. To simplify notation, we write instead of (^) 

justM(0- 

Using relations (4.13), (4.30) and (4.31), we obtain 

Now, using definition (4.14), we come to the expression 

n(^«+fc^) = (-l)'r'''Er+^ (4.54) 
while definition (4.15) gives 

n('iS-.)+ks) = {-lfFq-^^^(^-^^^+^^. (4.55) 
Relation (4.16) together with (4.31) and (4.54) lead to the equation 



n(4) = '^,"'(-i)'"V' 



and we have 

= (1 + ^^-^C^x-i + q-^^^'x-^)il + q-^^'x-Y\l + q-^-^^'x-^^. 
Using relation (4.21) and the equation 

we obtain 



^ks 



ni^ks) = {-If-'q-' [Q - {q' + q-') q-'^\ (4.56) 
Here the elements Cjt G Uq{5[2) are defined by the generating function 

00 -k 

C(x) = ^ {-if-^C^t^ = log(l + Cx-i + x-2). (4.57) 

k=i ^ 

In particular, we have 

Ci = C, C2 = -C2 + 2, C3 = C3-3C, C4 = -C4 + 4C2-2. 

Note that all belong to the center of Uci{5[2)- 

Below we need expressions for tz^{C]^) and n^^{C^). To obtain them we apply ft^ to 
both sides of (4.57). Taking into account the first relation of (4.2), we see that 

7r?'(C(x)) = log(l + + ^?-(?^+i))x-i + x-2) 

= log(l + Z+ij-i) + log(l + q-^^+^h-'^) 

00 y-k 
k=l ^ 
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Hence, we have 

nV{Ck) = q^^^'+^^ + q-^^^'+^\ (4.58) 
In the same way we come to the equation 

n^(Ck) = ^?*^('"+^) + q-^^^'+^l (4.59) 

To find the expressions for the images of TZ^s arid 7lys> we again use identities 
(4.44). Taking into account relation (4.54) and the first equation of (4.41), we obtain 

(cp^ (E) /)(7^^^) = 1^1 + KgE(l - ^^-^-i^-ifi ® E21. 
In a similar way, relation (4.55) and the second equation of (4.41) give 

Using relations (4.43) and (4.56), we come to the equation 

= {A{q-^n + log(l - q-^'-'n) ® Ell 

- (A(g r) + iog(i - r^'+'D) ® E22, 

where 

00-1 rfc 

It is easy to see that 

Aiq + Aiq-'O = - log(l - + ^2). (4.6O) 

Hence, we have 

in ® cp'){n^s) = (e^(''"'^^) ® 1) ((1 - r^'^'D ® Ell 

+ (1 - Cr + - q-^'+'n-' ® E22). 

Finally, for the action of /C we have 

(4.28) ^ 

= (pdq^'"^^)^En + cpr{q~^'«^^)^E22 = q"^^ ^ En + q~^^^ ^ E22. 

(4.49) ^ ^ ' ^ ^ ' (4.30) 

Collecting all necessary factors, we come to the expression 

M(0 = (e^^'?"'^^) ® 1) _ ^-l^-H/2^s) ^ 

+ K^F q-"/^ ® E12 + K^E q^'^ ® E21 

+ (^-W2_^-l^H/2^s)^£^^]_ (4.61) 

The corresponding matrix M(^) has the form 

M(n = e^^'? ^ ) 1^ ^ ^ ^ ^ . (4.62) 

' KaEq^'H'' q-^'^-q-^q^'H' 



UNIVERSAL J?-MATRIX AND FUNCTIONAL RELATIONS 29 

For any non-negative m we can define the monodromy operator 

Mm{Q = {cpf (^^ cp'){n) = (7r'«®id)(M(0), 

where the (m + 1) -dimensional representation of the quantum group Uq{sl2) is 
defined in section 4.1. Note that here we should have 

Mi(0 = (ttI ® id)(M(0) = R{0> (4-63) 

where the R-operator R{Q is given by (4.51) or (4.53). To show this we first of all 
need the expression for 7z^{A(q~^^^)). In fact, for an arbitrary non-negative integer m 
equation (4.59) gives 

00 k{m+l) _|_ ^-k{m+l) rk 

A^iO = n^{A{0) = E :T^k T- (^-^^^ 

k=i H ~^ i 

Hence, we have 

A'«(0=A2(g-+iO+A2(g-"-^a 

and, in particular, 

A\q-'Q=X2{qO+M{q-^0. 

Using (4.36), we obtain 

Now, applying to both sides of (4.61) and comparing the obtained result with (4.53), 
we see that equation (4.63) is valid. 

More generally, for any ^ G C we denote 

M/.(0 = (^^®<^'^)(7^) = (^?'®id)(M(0), 

where the infinite-dimensional representation tt^' of the quantum group llc^i^i'}) is de- 
fined in section 4.1. 

4.5. Transfer operators. To construct transfer operators we should first choose a twist 
element t. We assume that 

t = q'^^\ 

where is a complex number. It is clear that Hs a group-like element as is required. 
Denoting Tm{Q = ^"^'",^1 {V)> ^rid having in mind that 

n(0 = 

we obtain 
where 

tr^ = tr ym o tt'". 

The mapping tr,„ is a trace on the algebra Ucj{sl2). It is clear that in terms of the corre- 
sponding matrices T„;(^) = T^m^^i{Q and M(^) we have 

T^(0 =tr,«(M(0/«), 
where tr„, is applied to the matrix entries. For the higher transfer matrices one obtains 

...,r]n)= tTmmi^rj-') ^ • • • ^ M(^,/-i)) qt'^), 
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see relation (3.26). To find an explicit form of the transfer matrices Tm{C\Vi' ■ ■ ■ r^n) we 
have to know the traces for the elements of some basis of Uq{s\2)- An easy calculation 
gives 

ir,n{E'+^Cq''') = 0, tVmiF'+'Cq''") = 0, (4.65) 

1 _ fl-2v(m+l) 

ir ni[C q ) = [q +q )q — . _ ^_2y — = )[m + l\c,v, (4.66) 

i q 

where v G C and r, s G Z>o. For the simplest case n = 1 we determine that 

[m + l]„i/2+f -[m + l]„-i/2+^ q~'^^' 



[m + l]q-i/2+,p -[m + l]^i/2+^ q 



This transfer matrix is finite in the limit where the twist parameter (p tends to zero. 
This is evidently true also for the higher transfer matrices T,„(^|//i, ...,//„). 

The case of the infinite-dimensional representations fi^ is more subtle. Here we 
denote 

tr^, = tr^,, o 7f'', 

and for \q~'^^\ < 1 obtain 

tTf^iE'+^Cq"") = 0, tr^,{F'+'Cq'") = 0, 

t~r,(CY«) = (/+! + r?^-!)^-^. 

i q 

For \q~^^\ > 1 the trace tr^, is defined with the help of analytic continuation. 
Again, for the simplest case we have 

f,{0=tr,,{M{Oqt>^) 

I qiy2+'P)F ci-iy2-4>)pi _^ ^ \ 

V ° 1 - q^-^f ~ 1 - g-i-2<f J 

where 

fc=l I ' '1 

The above transfer matrix is finite in the limit where the twist parameter tends to zero. 
This is not the case for all the higher transfer matrices 

It is clear that the nonzero contributions to T^(^|;/i, . . . , rjn) are given by the trace of 
the elements 

Qr^{n-lr)H/l^ qy ^{n-2r-l)H/2 ^ ^ qy ^-{n-lr)H/l ^ 

where r = 0, 1, . . . , \nl7\. For an even n we have to take the trace of , r = 0, . . . ,n/2, 
and the result is evidently singular in the zero-twist limit. For an odd n there are no 
singularities. 

It is worth to note that 

Tm(C|j/l/- ••/?/«) = ^m{^\r]\'---'Vn) - ^-m-liClVl' ■ ■ ■ 'Vn) 
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and the zero-twist limit is nonsingular for the right hand side for all n. This equation 
suggests that we should define 

for an arbitrary j-i G C. It is not difficult to prove that Tj,(^|//i,. . .,//«) is finite in 
the zero-twist limit for any n. One can say that T^(^|j/i, . . . ,f]n) is the transfer matrix 
defined by the trace 

tr^, = tr^, - t5r_j,_2 (4.67) 

on the algebra 11^^(3 [2)- It is instructive to compare the definition of tr^^ with the def- 
inition of trace given in the papers [22, 24], see also [13, 23, 57] for the limiting case 
q = l. 

4.6. L-operators. Remind that with the definition of a quantum group used by us, the 
quasitriangularity is understood in some restricted sense, see section 4.2. We can only 
define the action of the universal R-matrix in the tensor product of weight represen- 
tations. It is easy to see that to determine the action of the universal J^-matrix (4.23) 
on the tensor product of two representation spaces, it suffices to use for the first factor 
representations of the subalgebra Uq{b+) and for the second one representations of 
the subalgebra Uq{b-). Here the Borel subalgebra Uq{b+) is generated by cq, ei and 
q^, X G Pi, and the Borel subalgebra Uq{b-) is generated by /o, /i and q^, x G f|. 

It is clear that any representation of the algebra Uq{C{sl2)) generates representa- 
tions of the subalgebras Uq{b-\-) and Uq{b-). However, this does not give new objects. 
There are other methods to construct representations of Uq{b+) and Uq{b-) from rep- 
resentations of Uq{jC{sl2)). We restrict ourselves by the case of the Borel subalgebra 

Uq{b + ). 

First note that if ^ is a representation of Uq{C{sl2)) and ^ G 1)*, then the mapping 
cpl^] defined by the equations 

cpme,) = cpie,), <p[^](^-) = ^?W<p(^-) 

is a representation of Uq{b+) called a shifted representation. It follows from (4.11) that 
we have to assume that 

Taking into account relation (4.27), we see that for any weight representations cp and ip 
one has 

Therefore, for the universal R-matrix we can write 

{(p[^](^xl^){n) = {cp®^p){n){i®^p{q^^^'^^^^^^)). 

In fact, we can even write 

{(p[^]®id){n) = {(p®id){n){i®q^^^^^^^'^), 

having in mind that this equation is true only for weight representations. Under the 
same assumption, we have for the universal monodromy matrix the equation 

and for the universal transfer matrix the equation 

7;[?](0 = r^(09^^'"^^'"+''^^^'- (4.68) 
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Thus, the use of shifted representations does not give anything really new. Never- 
theless, we meet universal transfer matrices corresponding to shifted representations 
when proving the functional relations. 

Now let us describe how to obtain the representation necessary for the construction 
of L-operators. Starting with the representation of Uq{C{5i2)) defined by equa- 
tions (4.33)-(4.35), we obtain the shifted representation [^] of Ucj{b+) defined by the 
relations 

q^ha^^ = ^viH-2nH{ha))^^^ cf^h-a^^^ = ^-v{V-2n-ahs-a))j^^^ (4.69) 

eaVn = [n]ci[}l-n + l]ciVn-\, es-aVn = T^^n+l/ (4.70) 

We denote the corresponding L[ij(b+)-module by V^'[^]. Assume that 

Relations (4.69) take the form 

q'^^Vn = q-^'^^Vn, q'^^'-^Vn = q'^'^Vn. (4.71) 

Note that we can multiply the operators corresponding to the generators and ei 
by arbitrary nonzero complex numbers. This again gives a representation of 11^(6+). 
Represent the first relation of (4.70) as 

Now we rescale the operator corresponding to 6^ as — > q^^^e^ and consider the limit 
— > oo along the real axis. This gives instead of (4.70) the relations 

e^Vn = C''^q^q~"[n]q^n-V es-aVn = C^^n+l- (4.72) 

Relations (4.71) and (4.72) define a representation oiUq{b+). Note that this represen- 
tation cannot be extended to a representation of the full quantum group Uq{jC{sl2)). It 
is useful to give an interpretation of (4.71) and (4.72) in terms of t^-oscillators. Let us 
remind the necessary definitions, see, for example the book [46]. 

Let hhe a complex number such that q = exph ^ 0, ±1. The t^-oscillator algebra 
OsC(j is a unital associative C-algebra with generators fc^, c^^ , v G C, and relations 

^0 ^ q^iNq^2N ^ ^(i/i+i'2)N 

qvN^i^-vN ^ ^v^f^ q^^bq-^^ = q-^b, 

b'b = K-\q^ - q-% bb' = K-\q^+' - ^-^-1). 

There are two interesting for us representations of Oscq. First, let W+ be a free vector 
space generated by the set {vq, vi,...}. One can show that the relations 

q'^'^Vn = q^'^Vn, (4.73) 

b^Vn = Vn+1, bVn = [n]qVn-\, (4.74) 

where we assume that V-\ = 0, endow with the structure of an Osc^-module. We 
denote the corresponding representation of the algebra Osc,^ by x^- Further, let W~ 
be a free vector space generated by the set {uq, ui, . . .}. The relations 

q^^Un = q-^^^+^^Un, (4.75) 
bUn = Un+1, b^Un = - [n]qUn-\, (4.76) 
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where we assume that m_i = 0, endow W~ with the structure of an Osc^-module. We 
denote the corresponding representation of Osc,^ by x~- 

Return again to relations (4.71) and (4.72). Assume that the operators N, and b act 
in the representation space in accordance with (4.73) and (4.74). This allows to write 
(4.71) and (4.72) as 

These equations suggest to us a homomorphism p : Uq{b+) Oscq defined by 

= r''^ piq""''-') = q^"""' (4-77) 

p{ea) = K-^bq-^, p{es-c,) = b\ (4.78) 

and the homomorphisms pi_ : Ut^{b+) — > Osc,^, ^GC^,aS|0^ = |Oo 0^. We can now 
define the representations 

P^ = X^°P> pf=X^°P^ (4.79) 
of the Borel subalgebra Uq{b+). For the representations we have explicitly 

pfiq-'^^) = (^^'^-0 = X^iq^'""), (4.80) 

pf{e,) = C'K-\^{bq-^), pfies-,) = C'X'^i^')- (4.81) 

We denote the Lr(^(b+)-modules corresponding to the representations p^ by W^. 
Let us construct the L-operator 

Lp,^{Q = Lp,^{m = {p^®^){n) 

choosing as p the homomorphism defined by (4.77) and (4.78), and as ip the representa- 
tion cp^. As for the case of monodromy operators, we extend the notion of L-operators 
allowing for using general homomorphisms instead of representations. To simplify 
notation we write instead of Lp^^{Q just L(^). 

Having in mind (4.28), (4.37) and (4.77), we observe that 

{p^ ® cp^){K:) = q-^ ® En + q^^ E22. (4.82) 
Further, one can easily determine that definition (4.13) together with (4.78) gives 

pd^s) = (4.83) 

and, using (4.14) and (4.15), we immediately obtain 

Pd^a+ks) = 0, pde{s-a)+ks) =0, k>l. (4.84) 
Taking into account (4.39) and (4.44), we come to 

(p^ ^ (p^){n^s) = 1 ® 1 + bq-^^'^ ® E21, (4.85) 

(p^^(p^){n^s) = l®l + Kgfc+r"'' ®El2. (4.86) 
Definition (4.16) and equations (4.84) give 

Pd^ks) = 0' ^ > 1' 

and one easily finds that 

zks 

pde,s) = {-l)'-\'q-"^-l-- 
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Now, using relations (4.24) and (4.43), we obtain 

(p^ ® (p^){n^s) = e^^Cr^Dfi ^ En + (1 - ® E22], (4.87) 

where the function A2(^) is defined by (4.48). 

Multiplying expressions (4.82), (4.85), (4.86) and (4.87) in the prescribed order, we 
come to the following L-operator: 

L(^) =e^2(r^r)[^-N^£^^ 

+ fc+ q^^'-'^ ® E12 + bq-^^^'^ ® E21 + {q^ - q'^q'^l,') ® E22]. 
In the matrix form it looks as 

\bq-^^^'^ q^-q-^q-^l' 
It is evident that the relations 

cr(/zo) = hi, o-{hi) = ho, 
(r{eo) = ex, (r(ei) = e^, (r{fo) = fi, a{fi) = fo 

define an automorphism of Uq{C{si2)) and, via the restriction, an automorphism of 
Ucj{b+). Therefore, the mappings 

p = poa, p^ = po0^ 
are homomorphisms from LJ^(b+) to Osc,^, and the mappings 

p^ = X^°p, pf=X^°P^ (4.88) 
are representations of Uq{b+). We denote the Lrij(b+)-modules corresponding to the 
representations jo^ by . 

Let us find the expression for the L-operator 

Calculations give 

= K-\-lfq-'[i^ + q-'')q-'''' " 1]^- 
Using these equations, we obtain 

{p^ ® (p''){n^s) = 1 ® 1 + Kqb\l - q-^q-^^'Cr^C' ® E21, 

{p^ ® cp'){n^s) = e^2(^"'^^)[(i - r'r'^D ® Ell + (1 - - r'^r)-' ® ^n], 

{p^ ® cp'){n^s) = 1 ® 1 + bq-^'il - q-^^Cy\'-'' ® E12, 
(jo^ ® (p^){K.) =q^(E) En + q~^ ® E22 
Multiplying these expressions in the order prescibed by (4.23), we determine that 
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+ b q-^^l,'-'^ ® E12 + Kq b^ q^C' ® E21 + q-^ ® E22], 
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or in the matrix form 
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HO 



Kqb^q^C'' 

4:.7. Q-operators. We again use the twist element 

t = q'^^\ 

where ^ is a complex number. Using the representations ^rid X~ ' can define 
two traces 

tr+ = trw+ o x^, tr_ = tr^- o ^" 

on the algebra Osc^. In fact, these traces differ only by an overall sign. We introduce 
two Q-operators, 

Q'(0 = Qp+<pi(a Q'(^) = Q^-y(0- 

We use the prime here because we slightly redefine the Q-operators below. Taking into 
account that 

p{t) = g-^n m = 

we obtain 

Q'iO = (tr+®id)(L(0(r''^^®l)). Q'iO = (tr_05id)(L(O(g''^^®l)). 
In terms of the corresponding matrices we have 

Q'iO = tr+iUO q-^'f^), q\0 = tr_(L(0 q^^^), 
where tr_|_ is applied to the matrix entries, and, in general, 

...,//„)= tr_((L(C//r') ^ • • .^mrjn'))^^'^'')- 
Using (4.73) and (4.74), we see that for < 1 one has 



tr+{q 



1-q^' 

tr+db^Y+^q"^) = 0, tr+ib'+^q"^) = 

for any v G C and r G Z>o. For |tj | > 1 we define the trace tr-f by analytic continuation. 
Using the above relations, for n = 1 we obtain 

/I n \ 



Q\0 



1 - q-'^-^t' 








and 



( 



\ 



1 









1 



As well as for the higher transfer matrices T . . . , //„), one sees that the matrices 

Q'(^|//i, . . . , and Q'(C^| J/i, • • • , ?/n) are finite in the zero-twist limit for an odd n, and 
singular for an even n. 
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5. Functional relations for Ucj{C{si2)) 

In this section we derive certain relations satisfied by the universal transfer opera- 
tors 

and the universal Q-operators 

where the representations cp"^ of Uq{jC{sl2)) are defined in section 4.3, and the 
representations p"*", jo~ of L[^(b+) in section 4.6. These relations, known as functional 
relations, appear to be very useful for investigation of the corresponding integrable 
systems. 

There are relations which are due only to the fact that the universal transfer oper- 
ators and universal Q-operators are constructed from the universal R-matrices. An- 
other set of relations depends on the structure of the representations used for their 
construction. Here, to analyze the products of the operators, we should analyze the 
tensor products of the corresponding representations, see, for example, relations (3.30) 
and (3.31). 

5.1. Tensor product of representations. 

5.1.1. Tensor product of representations p^^ and |0^. To analyze the product of the uni- 
versal Q-operators Q'{X,i) and Q'{^2) we consider the tensor product of the repre- 
sentations and |0^. Here the representation space is ® which is also the 
representation space of the representation ® of the algebra Osc^ ® Osc^. 
It is not difficult to see that^ 



(4.77) 

Similarly, we obtain 

ipl ®apIW') = U+ 

Below we denote 

bA = b(^l, bB = l(E)b, b\ = b^ (^1, bl = l(^b^. 
Now, using module notation, we can write 

for any zf G W+ (Ei W+. Further, we obtain 

eow={b\^l° + blq-^^^^l')w, (5.1) 
e,w = {bA q-""^ Cl' + bB ^'^^-^^ ) ^- (5.2) 



^Remind that Hq = h^_^, hi = ha, eo = ^s-u arid ei = 
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Remind that W+ is the free vector space generated by the set {vn}neZ>o- The vectors 
Vfi Vk, n,k ^ Z>o, form a basis of W+ O W+. Consider another basis {Wn^k}n,keZ>o' 
where 

Let us show that 



(5.3) 

(5.4) 
(5.5) 



^0 Wn,k — Wn+l,k, 

In fact, the first three equations are evident, and one should prove only the last one. 
To this end, we move e\ through cq and introduce some operators arising during this 
process. Then we move these operators through the remaining factors cq, and so on. 
The process terminates when we arrive at an operator which can be moved through 
Cq without introducing new operators. To finish, we determine the action of ei and all 
new operators on the vectors of the form Wo,fc- 

We start with defining an operator x by the equation 



xw 



[eieo-q eoei)w 



for any iv G (g) W+. Explicitly, we have 



xw 



2Na-Nb 



w. 



Now we move x and introduce the operator y as 

yw = {xcq — cqx) w, 

or, explicitly. 



w. 



(5.7) 

(5.8) 

(5.9) 

(5.10) 
(5.11) 



One can verify that 

(yeo - q'^eQy)w = 0. 

In fact, this equation is a consequence of the Serre relations (4.7) and its validity does 
not depend on the used representation of the quantum group LZg(b+). Equations (5.7), 
(5.9) and (5.11) give 



ei{eo) 10 
and we obtain 



w, 



ex Wn,k = ei(eo) Wo,k 



+ iq + q-Y\n]q[n-l 
Using the explicit relations (5.2), (5.8) and (5.10), we see that 

XWQ,k = ^q^(]~^{^\ + CI) WQ,k' 



q{e,r-^y 



Wo,k- (5.12) 
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Now, it is easy to see that equation (5.6) is true. 

5.1.2. Tensor product of representations jo^^ and p^^. To analyse the product of the univer- 
sal Q-operators Q' (Ci) ^rid Q' {^2), we use the tensor product of the representations 
jo^^ and jo^^. Here we obtain that 

and that 

eQW = {bA q-""^ Cr' + &b ^'^'^"''^ ^2°) ^' (5-13) 

e^w={h\ Cr' + r'^^ Ci' ) IV (5.14) 
for any w G W ®W . Introduce now a basis 

= W iCibsf {uq ^ Wo). 

and show that 

q'"" Wn,k = ^?2-(«+'^+2) Wn,k, (5.15) 

<f^' Wn,k = W,,,^, (5.16) 

eoWn,k = Wn+l,k, (5.17) 

- [n]g (a + a) w„-u + V'^*" - l]-? (^1^2)'° K^„-2,fc+i- (5.18) 

The first three equations are evident, and to prove the fourth one we introduce the 
operators x and y by 

xw = (ei eo — q^eoei) w (5.19) 

and (5.9). Explicitly, we have 

xw = - [k-\ (^1 + Ci) + q\q + q-') C?C2° «^ 

and 



w. 



It follows from these relations and from (5.14) that 

ei Wqj, = -q^[k]c, iCiCiY' WQ^k-v 

xwqj, = -K~^q{Ci + Ci) WQ,k, 

y^o,k = ^^^q\q + q~^) (^1^2)'° ^o,k+i- 

Now, instead of (5.12), we have 

eiw„,/c = ei(eo)"wo,fc = q^"W(^i + q"~^[n]q{eo)"~^x 

+ {q + q-'r'lnUn - l]<?(^'o)""'y] Wo,fc- (5-20) 
Using this equation, we conclude that equation (5.18) is true. 
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5.1.3. Tensor product of representations p'^^ and jo^^. Now we consider the tensor product 
of the representations p'^^ and jo^^ which is necessary to analyse the product of the 
universal Q-operators Q'{Ci) and Q'iCi)- For this tensor product we obtain that 

and that 

eoW= (^1° b\ + bB q-^^^-^B) (5.21) 

eiw= {k-'Ci' bA q-""^ + Ci' &b ^''^^) ^- (5-22) 
A convenient basis of W"*" ®W is formed by the vectors 

Here one obtains 

^^^0 ^^^^ = ^2vin+k+l) ^^^^^ (5_23) 

q'"' ^„,fc = (5.24) 

eo^t^n,fc = {^1^2Y°^^Wn+l,k, (5.25) 

^i^„,fc = «^„,fc-i + K-'[n], (Ci^2)-^°/'r"(ri°+'^ - ^'"^2°^'^) a^„-i,fc- (5.26) 

Let us prove the last equation. The operators x and y defined by relations (5.19) and 
(5.9), act on a vector w of PV+ as 

- (^1 + ^2) - + ^"') ^1' ^2 bA bB r'^^-^^^ 

and 

-'q-\q + q-')Cl-''°b\q-'^^ 



w 



yw 



IV. 



It follows from these equations and from (5.22) that 

Using relation (5.20), we see that equation (5.26) is true. 
Introduce the parameters ^ and y. such that 

C = {lll2f'\ = {ll/ll)^''^''^^^. (5.27) 

The inverse transformation to the parameters ^1 and ^2 is 

= Cl = q-^^^'^% 
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In terms of the new parameters equations (5.25) and (5.26) take the form 

ei Wn,k = [^q ^n,k-l + [n]c,[}i - n + 1]^, Wn-\,k- 

Thus, we have an increasing filtration 

{0} = (w+ ® w^- C (W+ ® w^Jo c (w+ ® W^- )i C . . . 

formed by the submodules 

k CO 
£=0n=0 

with the quotient modules 

(W+ ® W^-J,/(W+ ® W-),_^ = V^i^k]. (5.28) 

Here G ^* are determined by the relations 

^kih) = }i + 2k + 2, ^kih) = -}i-lk-l, (5.29) 
compare (5.23) and (5.24) with (4.69). 

5.1.4. Tensor product of re-presentations p^^ and p'^^. Finally, we consider the tensor pro- 
duct of the representations jo^^ and p'^^. Here we see that 

and that 



e,w={C^h\ + K-%^hj,ci-^^--^^] 



w 



1 

for any zf G W (Ei W"*". To construct a convenient basis, we introduce an operator / 
acting on a vector zv ^ W (E) W"*" as 

fw= iCi' bA + bl) w. 

One can verify that 

{eof - feo)w = 0, (eif - fei) lu = 0. 
The basis in question is formed by the vectors 

Wn,k={i^l^2y^^eorf{uO<^VQ), 

and one can show that 

Wn,k = W„^k. (5.30) 

q'"' Wn,k = W,^k, (5.31) 

eoW„,fc= (Ci^2)'°/^w„+i,fc, (5.32) 

+ K~^q~\n]ci[n - l]cjW„_2,k+i- (5.33) 
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As before, the first three relations are evident, and to prove the last one we define the 
operators x and y by (5.19) and (5.9). These operators act on a vector w G W ® W+ as 

X w = {K-\q + g-i) a r'^^ - (a + a) - + r') &a g'""^) «^ 

and 

One can verify that 

[x,f] = 0, [y,/] = 0, 

and, having in mind equation (5.20), we see that we only need to determine the action 
of ei, X and y on the vector Wq^q. The explicit form of the action of these operators on 

an arbitrary vector W ® W"'" implies that 

ei wo,o = 0, 

yWQfi = -{q + q~^)q~'^Ci(^oWofl + K~^{q + r^"^)tj"^(^i^2)'''/^0,0- 

Now, using (5.20), one can be convinced in the validity of (5.33). 

Introducing the parameters ^ and y. with the help of (5.27), we write equations (5.32) 
and (5.33) as 

^1 Wn,k = C [n\q[}i-n + l]g + K~^q~'^[n]c,[n - 1]^ w„_2,fc+i. 

Thus, we have a decreasing filtration 

W^- ^ W+ = (Wg ® W+)_, D (W^^ ® W+)o D {Wg ^W+),D... 
with the submodules 

00 00 

and the quotient modules 

(W^^ ® W+),/(W^; ® = V^i^kl (5.34) 

where ^ ^* ^^e determined by relations (5.29). 

5.2. Commutativity relations. First, it is worth to note that since for any v G C the 

element q^'^'^ is an invertible group-like element of L[^j(£(s[2)) commuting with the 
twist element q'^^'^, we have 

[^^'^r,(0] = 0, [^^'% Q'iO] = 0, [q''\Q\0] = o, 

see sections 3.3.1 and 3.5.1. 

As we noted before, there are functional relations which are due only to the fact that 
the universal transfer operators and universal Q-operators are constructed from the 
universal R-matrices. These are the commutativity relations for the universal transfer 
matrices 
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see relation (3.22), and the commutativity of the universal transfer operators and the 
universal Q-operators 

[%{h)>Q'm=o, [r,(Ci),Q'(^2)]=o, 

see relation (3.29). 

Another set of commutativity relations follows from the properties of the represen- 
tations used to define the universal transfer operators and universal Q-operators. Note 
that relations (5.3)-(5.6) are symmetric with respect to and ^2- It is not difficult to 
understand that this fact implies the equation 

[Q'(^i).Q'(^2)]=o. 

Similarly, relations (5.15)-(5.14) are symmetric with respect to and ^2/ therefore, 

[S'(^i),Q'(^2)]=o. 

Further, comparing (5.28) and (5.34) we conclude that 

[Q'(Ci),Q'(^2)]=o. 

5.3. Universal TQ-relations. It follows from relations (5.28) and (4.68) that 

00 (u/2+l)(/;j+2rf)) 

fc=o I q ^ 

where the parameters I, and }i are defined by relations (5.27). We can write 

= C c^if'+min+cp) Q'{qif'+^)/%)Q'{q-it'+^)/%), (5.35) 

where 

Q^^h/2+cp_^-h/2-cp_ 

It is convenient to redefine the universal Q-operators as 

In accordance with our convention (4.29), we assume that 

b — H 

The new universal Q-operators commute with the universal transfer operators: 

[r,(^i), QiCi)] = 0, [%i^i),Qm = 0, (5.36) 

[TU^i), QiCi)] = 0, [rm{^i)M^2)] = 0, (5.37) 
and among themselves: 

Qm = 0, Q(^2)] = 0, (5.38) 

[Q(Ci),Q(^2)] =0. (5.39) 

Equation (5.35) takes the form 

f^{Q = c^(P+^)'PC Q{q^^+^^^%)Q{q-^^+^^^%), (5.40) 

and we write 

%{q^^%) = q^^'+^^fC Q{q^^+''+^^^%)Q{q-^^-''+^^^%). (5.41) 
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Now, introducing new parameters 

ix = }i + l + v, ^ = -{}i + l)+v, (5.42) 

so that 

}i = {a- ^)/2-l, v = (a + ^)/2, 
we come to the equation 

%-f^)n-l{^^'^^^'^%) = q^^-^^l'^'C Q{q"^%)Q{q^^%). (5.43) 
Using (5.40), we easily obtain that 

q^'^^%-l^)/2-l{q^''^f'^^'%)Q{q^'%) = q'^^^%-py2.r{q^^^^^'^'0Q{q''%) (5.44) 
and that 

= q-^'^^^%-,)n-M^''^^^^^%mq^^'Q- (5.45) 

Introduce the universal transfer operators {Q defined with the help of the trace 
tr^ given by equation (4.67). It is clear that 

T^{0 = %{0-f-^-2{Q. (5.46) 
The universal transfer operators Tji{C) possesses the evident property 

71,-2(0 = -'r,(0- 

This gives, in particular, that Tlx = 0. It worth to note that, as follows from the explicit 
expression for the universal R-matrix, 7q = 1. 
Equations (5.46) and (5.40) give 



_^-{tl + l),PQ(^^-{li + l)/SQQ(^^{p + l)/SQ 

In particular, for ji = we have the Wronskian-type relation 



(5.47) 



C 



1. 



It is easy to obtain from (5.47) the equation 

r^.-^)n-l{^^^^^^^^%) =c[q^^-^)^/^Q{q^'%)Q{q^'%) 

which implies that 

q^'^^^T^.-^)n-i{q^''^^^'^'OQ{q^^'0 + q'^^^r^^^^^ 

+ /^/''7^7-.)/2-i(^^^+'^^/'^0Q(//^0 =0 (5.48) 

and 

q-^'^^^r^.-f^)n-i{q^'^^^^^%mq'^%) + q-''^^^r^^^^^ 

+ q-^'^'^%-oc)n-i{q^^^''^'^%mq^^%) = o. (5.49) 
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We call equations (5.48) and (5.49) the universal TQ-relations. Putting 

a = 7-2, ^ = 7 + 2, 
we obtain the relations of more usual form, 

nOQiO = q'^Q{q^'%)+q-'^Q{q-^'%), (5.50) 

= H-^Q{q^'%) + q'^Q{q-^'%)> (5.51) 

where 

m)=Tr{0 = -T-m. 

5.4. Universal TT-relations. Using relation (5.43), we obtain from (5.44), or from (5.45), 
the equation 

For the universal transfer operators {Q defined by (5.46) we obtain 

= '7^.-.)/2-l(^(^+'^)/'^07^/3-.)/2-l(^^^+^^/'^0 

-V7)/2-l(^^^^^^''^07i.-,)/2-l(^(^+^)/'^0- 

We call these relations the universal TT-relations. There are two interesting special cases 
of these relations. In the first case we put 

a = 7 + 2, ^6 = ^ + 2 

and obtain 

r,{q'^%)r,{q-'^%) = 1 + r,-iior,+i{c\ (5.52) 

where j^i = {j — S) /2 — 1. In the second case we put 

a = 7 + 2, ^ = 7- 2 

and obtain 

= r,+iiq-^^%) + r^-i{q-^^^^^^%), (5.53) 

where again ii = {-y — 6) /2 — 1. 

5.5. Six-vertex model. The six-vertex model arises when we use for the second factor 
of the tensor product Uq{C{5[2)) ® Uq{C{5[2)) the representation cp]^^ ®/spp . . . ®^op cp]^^^. 
It is convenient to introduce in this case the transfer matrices 



i=l 

being a Laurent polynomial in Similarly, we define the Q-operators 

|7l,...,7„) = (l-r?-«-2^) 

" r -, , , 1/^ / " \ -sS/2n 

i=\ i=\ 



i=l 
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and 

Q^ca^/i = (1 - 

i=l i=l 

also being Laurent polynomials in Here we assume that 
and introduce the third pref actor to restore the invariance 

QP(^V|//1V, . . . , f]nV) = QP(^|?/1, . . . , Vn). Wi^vlVl^' VnV) = W {^\Vl' Vn)- 

It is clear that the introduced transfer matrices and Q-operators satisfy the commuta- 
tivity relations which follow from (5.36)-(5.39). Now, starting from (5.50) and using 
identity (4.52), we obtain 

TP{C\Vl,...,Vn)QnC\Vl'---'Vn) 

= ^m<i^vr')-'^')Qn^''%\vi^---^vn) 

+ q-fflb{{Cv-')-'^^)Qnq-^^X\Vi^...,Vn), (5.54) 

while relation (5.51) gives 

TP{C\Vl.....Vn)W{C\Vl'---'Vn) 

= C^-m<i^Vr')-'^')W{e'%\Vl Vn] 

+ fl mv;^)-"^) W{c\-^"i,\vx, - r Vn). 

i=l 

Here the functions a{Q and b{Q are defined by (2.7). For s = — 2 equation (5.54) 
coincides with the Baxter's TQ-equation (2.14). 
Similarly, we obtain from (5.52) the relation 

Tl{q'/'^\Vi,...,Vn)'^l{q-'^'^\Vi'...,Vn) 

= f\<f'\^v7')-'^')KH-''H^v7')-'^') 

+ TP_j(^|//i, . . . , Vn)^l+S\V\> ■ ■ -'Vn), 

and from (5.53) the relation 

T^^\Vx,...,Vn)'fl{q-^^^^^'%\Vi,...,Vn) 

= f\<{^v7')-'^^)^l+M-''%\m Vn) 

+ n mV7')-''^) Tj_i(r^^'+'^/^^l7l. • • -rVn). 
i=l 

Thus, we obtain all known functional relations for the six-vertex model as a conse- 
quence of the universal TQ- and TT-relations. 



n 



46 



H. BOOS, F. GOHMANN, A. KLUMPER, KH. S. NIROV, AND A. V. RAZUMOV 



As we noted before, in the case of an even n the limit <p ^ Q is singular for the 
matrices Q(^|j/i, . . and Q(^|7/i, . . . ,r]n)- However, some linear combinations of 
these operators with matrix coefficients are finite. One can find such combinations 
using the observation made by Pronko [57] on the relation of transfer matrices and 
Q-operators, see the paper [13] for the limiting case q = 1. 

6. Conclusions 

We made an attempt to collect and organize general definitions and facts on the 
application of quantum groups to the construction of functional relations in the the- 
ory of integrable systems. As an example, we reconsidered the case of the quantum 
group Ucj{C{s[2)) related to the six- vertex model. We proved the full set of the func- 
tional relations in the form independent of the representation of the quantum group 
in the quantum space and specialized them to the case of the six-vertex model. There 
are three sets of functional relations. The first set consists of commutativity relations 
satisfied by the universal transfer matrices and universal Q-operators. The second 
set is formed by the universal TQ-relations which are the origin of the Baxter's TQ- 
equations. The third set is formed by the universal TT-relations generating various 
fusion relations. The specialization of the universal TQ-relations and universal TT- 
relations to the case of the six-vertex model in the limiting case q = 1 was obtained by 
other methods in the papers [13,33]. In fact, the universal TQ-relations and universal 
TT-relations have similar structures. It seems that they can be combined into one set 
of relations, see the paper [12] for the case of integrable systems related to Yangians 
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Appendix A. Endomorphism algebra 

Let Vhea finite-dimensional vector space of dimension n, and {ea} a basis of V. For 
any pair of indices a and h define an endomorphism E^j, G End(y) by the equation 

The endomorphisms E^^, satisfy the relation 

EflfoEcd = hc^ad- (A.l) 

One can verify that {E„t,} is a basis of End(y), so that any endomorphism M G 
End(y) has a unique representation of the form 

a,b 

for some M^h G C It is not difficult to see that 

Mea =Y,ehMu- 

b 

One can consider M^b as the entries of an n x n matrix called the matrix of M with 
respect to the basis {ea}. From the other hand, any n x n matrix (Mat), via the above 
relation, defines an element of End{V). This correspondence between the elements of 
End(y) and Mat„(y) is a basis-dependent isomorphism of algebras. 



UNIVERSAL J?-MATRIX AND FUNCTIONAL RELATIONS 



47 



In the case when V = C" the algebra End(y) is identified with the algebra Mat„(C). 
Here we assume that {ca} is the standard basis of C". Hence, E^b in this case are the 
standard matrix units. 

Let V and U be finite-dimensional vector spaces, {ea} and {e,} their bases. One 
can show that {ea Cj} is a basis of the vector space V i^U. Let {Eg;|j,y} be a basis 
of End(\/ (X) U) corresponding to the basis {ea (81 so that any endomorphism M G 
End(\/ (g) U) can be uniquely represented as 

^= Yli ^ai\bi^ai\bi- 
a,i,b,j 

It is easy to see that 

Eat\bj = Eab ® Eij- (A.2) 
This equation is a reflection of the natural isomorphism 

End{V ^U)= End{V) ® End(L[). 

Now let V he a finite-dimensional vector space of dimension n, {ea} a basis of V, 
{Eab} the corresponding basis of End{V), and A an algebra. It is clear that any element 
M of End(F) (E) A has a unique representation of the form 

M = Y^Eab (S) Mat, 

a,b 

where Mah are elements of A. As before, one can consider Mah as the entries of n x n 
matrix called the matrix of the endomorphism M with respect to the basis {ea}- Now 
it is an element of Matn(A). Thus, we have a correspondence between the elements 
of End(y) ® A and Mat„(A) which is an isomorphism of algebras. If A is the algebra 
End(Lr) for some vector space II we obtain the isomorphism of the algebras End(F ® 
U) and Mat„(End(Lr)). Here one can uniquely represent a general element w ^ V 0U 
as 

W = Y^ea ® Wa, 

a 

where Wa are elements of \1. One can consider Wa as the entries of n x 1 matrix. Hence 
we can identify V ®\1 with the module Mat„ i(L/). Here the action of an element 
M G End(F ® U) on an element Zf G V (i^U corresponds to matrix multiplication. 

The similar consideration can be performed for the case A (8) End(F). 

Introduce two useful operations for matrices with entries in algebras. First, let M = 
(Mat) G Mat„(A) and N = (Nat) G Mat„(B), were A and B are some algebras. We 
denote 

MBN = {Y,Mac(S)N,t). {A3) 

c 

The matrix M □ N is an element of Mat„ ( A (g) B) . 

Further, let A be an algebra, K = G Mat,„(A), and L = (L^s) £ Mat£(A). 

Denote 

KML = {{KML),,\j,) = {^Lrs). (A.4) 

The operation Kl is a natural generalization of the Kronecker product of matrices to 
the case of matrices with entries in a noncommutative algebra. It is clear that K L G 
Mat^^(A). 
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Appendix B. Symmetric group and tensor products 
Let A\, Anhe algebras, and 

A = Ai ^ . . . ^ An. 
Given an element s of the symmetric group S^, we define 

For any s G S„ we define 77' as an isomorphism from A^ to A'^ by the equation 

n\ai (g) . . . (g) = flf-i(i) (g) . . . (g) 
It is not difficult to show that 

for all ti,t2 G S„. 

Let ji,j2> ■ ■ ■ ,im^^ distinct integers in the range from 1 to n, and M be an element of 
the tensor product Aj^ ® . . .® Aj^^^ . Represent M as a sum 



M = Y^a[ (g . . . (gflj^, 

r 



where fl^ G Ay^. Let ii, Z2, . . . , im be another set of distinct integers in the range from 1 

to n. We denote by M'l --'"' the element of A = Ai (g . . . g) A„ which is the sum over r of 
monomials having for each i = 1, . . . ,m the element fl^ as the factor with the number 
i£, and 1 as all remaining factors. Here for any s G we have 

n^[M'^^^'"^"') = M^^^^^^^^^^'"^^^'"\ (B.l) 

We assume certainly that Aj^ = A,^. 

Now let Vi, . . . , y„ be vector spaces, and 

V = Vi(g) ...^Vn. 

Given an element s of the symmetric group Sn, we define 



For any t,s ^ S„, we define an isomorphism from to V^^ by 

P^(z;i (g . . . (g) = yf-i(i) (g . . . (g t^t-i(„)- 

In fact, the definitions of 17^ and coincide. We use the notation 77^ when the tensor 
products of algebras are considered and P^ for the tensor products of vector spaces. 
When Ai = End(V,), we have the relation 

n^(M'i-''^) = pfM'i-''^(PO-^ (B.2) 

which implies the equation 

ptj^h-ik = ]\/[t{h)-tiik)pt_ 

If Ms a transposition (ij) we write 77'^ and P'^ instead of 77^'^) and P*^'^^ respectively. 
If n = 2 we denote n = and P = P^^. 

Let (pi: Ai ^ Bi and ^2 • ^2 ^ ^2 be homomorphisms of algebras. One can show 
that 

no{(pi(^(P2) = {(p2^(pi)on, (B.4) 

where 77 G Hom(Bi g) B2/ ^2 tX" Bi) at the left hand side of the equation and 77 G 
Hom(Ai (g) A2, A2 (g Ai) at the right hand side. 
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Appendix C. Quasitriangular Hopf algebras 

Let A be a Hopf algebra with comultiplication A. One can show that A is also a Hopf 
algebra with comultiplication 

= 17 o A. (C.l) 

The Hopf algebra A is said to be almost cocommutative if there exists an invertible ele- 
ment 7^ G A ® A such that 

Z\0P(fl) = 7^A(fl)7^-l (C.2) 
for all a G A. An almost cocommutative Hopf algebra A is called quasitriangular if 

(A ® id) (7^) = n^^n^^, (c.3) 
{id® A) (n) = n^^n^^. (c.4) 

In this case the element TZ is called the universal R-matrix. 

Write TZ in the form TZ = Yli i^i bj. Multiplying both sides of equation (C.3) from 
the left by 7^i2, we obtain 

n^^n^^n^^ = n^^{A®id){n) = J^nA{ai)(^b, 

i 

= J^A°P{ai)TZ®br = (X]A°P(flO®&0(^®l) = (A°P ® id)(7^)7^l2_ 

(C.2) . . 

Applying now the mapping 77^^ to both sides of the same equation, we come to the 
relation 

(A°p®id)(7^) = 7^237^l3. 

Hence, we see that the universal R-matrix satisfies the Yang-Baxter equation 

7^12 7^13 7^23 ^ 7^23 7^13 ^12_ 

Appendix D. Z-graded Hope algebras 
If a Hopf algebra A is represented as a direct sum of linear subspaces 

A = A„, 

where 

AnAffi C Aji^fn 

and 

A(An) C A 

n—m ® Affi, 

mel. 

one says that A is Z-graded. Note that Aq is a subalgebra of A. 

Any element fl of a Z-graded Hopf algebra A can be uniquely represented as a sum 

nel 

with fl„ G An- Given v G C^, define a mapping <?i/ : A — > A by the equation 

It is clear that a G A„ if and only if 0y{a) = v^a. It is also not difficult to verify that 

^VlV2 = ^v^ o ^V2- (D.2) 
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Any Z-gradation of a Hopf algebra A induces a Z-gradation of the Hopf algebra 
A® A, for which 

(A (8 A)„ = An-m ®A,n= © ® An-ni- 

Here the role of the automorphism 0y is played by the automorphism (^y®(^y. 

Appendix E. Traces on algebras 
Recall that the usual trace of a matrix M = (M^j,) G Mat„(C) is defined as 

a 

The basic property of the trace is its cyclicity 

tr(MN) = tr(NM) 

for any two matrices M, N G Mat„(C). Note also that for any two matrices M G 
Mat„(C) and N G Mat,„(C) we have 

tr(M ®N)= tr(M) tr(N). (E.l) 

Let V be a finite-dimensional vector space, {ea\ a basis of V, and {Eah\ the corre- 
sponding basis of End(F). The trace of an element M = Y^a;b ^ab^ab of End(F) can be 
defined as 

tr{M)=J^Maa. (E.2) 

a 

It can be easily shown that tr(M) does not depend on the choice of a basis. Hence, the 
trace of M coincides with the standard trace of its matrix with respect to any basis of 
V. We often denote this trace as try Here, the basic property of the trace holds, namely, 

try(MN) = try(NM) 

for all M, N G End{V). If U is another finite-dimensional vector space, then 

trvmiM (E)N)= try(M)tru(N) 

for all M G End{V) and N G End(L[). 

More generally, a trace on an algebra A is a linear mapping tr from A to C, which 
satisfies the equation 

tr{ab) = tr{ba) (E.3) 

for all fl, G A. 

Multiplying a trace by a complex number we again obtain a trace. Up to this free- 
dom the trace on End{V), where y is a finite-dimensional vector space of dimension 
n given by (E.2), is unique. Indeed, assume that tr is a trace on End{V). Relation (A.l) 
gives 

^ac^cb — ^ab' 

therefore, 

trviEacEcb) = trviEcbEac) = ^ab^T^viEcc) = trv{Eab)- 
(E.3) (A.l) 

The last equation and the evident identity 



cc 

c 



give 

ntrviEah) = ^flbtry(idy), 
and we obtain the trace defined by (E.2) if we assume that tr(idy) = n. 
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Let tr^ and trg be traces on algebras A and B respectively. Then tr^^g = tr^ ® tr^ 
is a trace on A (8) B and we have 

tr^^B {a®'b)= \Xa (fl)trB (&) (E.4) 

for any a G A and & G B. One can also consider the partial traces tr^ ® id and id ® trg. 
The basic property of trace does not hold here, however, 

(tr^ ®id)((fl ® l)c) = (trA®id)(c(fl® 1)) (E.5) 

for any fl G A and c G A (g) B, and 

(id®trB)((l®&)c) = (id®trB)(c(l ® &)) 

for any G B and c G A ® B. 

If ^ is a homomorphism from an algebra A to an algebra B and trB is a trace on B, 
then 

tr^ = trB o ^ 

is a trace on A. In particular, if ^ is a representation of A in a finite-dimensional vector 
space V , then the mapping try o ^ is a trace on A. Note that there are traces on algebras 
which cannot be obtained in this way 

In the case where V is an infinite-dimensional vector space, the trace is not defined 
for all elements of End(y). It particular, it is not defined for the identity mapping. 
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